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{ 1. INTRODUCTION

Research on '"Laser Gyro Theory Extension' was supported for the period
from March 22, 1979, to September 22, 1980, by the Air Force Avionics
Laboratory, Contract F33615-79-C-1744. Under this contract we have
(a) tested the accuracy of our Zeeman laser gyro (ZLAG) theory by comparing
its predictions with experimental results obtained at Litton, (b) investi-
gated other multioscillator approaches to solving the lock-in problem, and
(c) designed two earthbound experiments based on the Sagnac interferometer
to test general and special relativity theories. We describe these

investigations in this final report.

II. ZEEMAN LASER GYRO

We have been working with scientists at Litton Industries in the
development of a Zeeman laser gyro (ZLAG). We have developed a vector
laser theory that can handle polarized modes, inhomogeneously broadened
media, atoms with some angular momentum and hyperfine structure, the
presence of an applied magnetic field, and the presence of more than one

isotope. This theory is based on semiclassical laser theory, and the
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resulting amplitude and frequency determining equations are solved for

the case of the steady-state operation far from lock-in. The accuracy

ahinbenditiniiing

of this model was tested by comparing its predictions with experimental
results obtained at Litton. This model was then used to perform the
initial screening of possible ZLAG configurations. The goal is to find
a ZLAG configuration that will give accurate rotation rate information

under a wide range of operating conditions. The ZLAG beat note @, for '




example, is a function of detuning, A, and magnetic field on the active
medium. Ideally, the beat note should be zero with no input rotation.
However, nonlinearities in the active medium induce a null shift that
varies with the magnetic field and detuning. Since an axial magnetic
field is used for biasing the counterrotating modes and since cavity-
length fluctuations that lead to detuning variations are unavoidable, we
need to look for a ZLAG configuration that minimizes |d¢/dA|.

In this study of the behavior of |dy/a.; for different values of
magnetic field we were able to obtain the first significant correlation
between theory and experiment for a ZLAG. We emphasize that the theoretical
treatment does not involve any variable parameters and, in fact, the
theoretical curves were generated before the experimental. From the view
of using the ZLAG as a gyroscope, both theory and experiment predict a
zero in dﬁ;/dA for the configuration using a 35-MHz crystal and an 80-G
axial magnetic field. Theory and experiment indicate that operation with,
for example, a 440-MHz crystal is undesirable because there is no nonzero
axial magnetic field that will make the gyro beat note insensitive to
changes in cavity lengths. A Fortran IV version of the ZLAG computer
program was delivered to Wright-Patterson Air Force Base. To our knowledge,
this program is in operation in the PDP 11/03 computer in Dr. Kent Stowell's

laboratory.

III. 242" GYRO
In the course of our ZLAG studies we discovered some interesting
effects due to nonlinear interactions in a multimode ring laser. Our theory

predicted that there are multioscillator ring lasers besides the ZLAG where
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the locking problem may be overcome by nonmechanical means. These multi-
oscillator gyros are characterized by two strong counterrotating modes and
two weak counterrotating modes. A possible configuration is a ring cavity
with a pair of strong axial modes and a pair of weak off-axial modes.
Experiments using such a laser ('2+2" gyro) verified this prediction.

Our gyro does not have a dead band. Also interesting is the appearance of
a bias (reciprocal bias), which changes sign with a change in the direction
of rotation. Preliminary theoretical investigations led us to believe
that this bias may be based on the following features: (a) The nonlinear
interaction between the active medium and the four gyro modes gives rise
to relative phase angle terms that couple strongly the beat frequencies of
the strong and weak modes. As a result the two beat frequencies are
locked to each other. (b) Intensities between counterrotating modes

vary with the beat note frequency. In the 2-mode gyro this variation
introduces a reciprocal bias to the beat note; however, this bias is
always less than the lock-in threshold. 1In the "2+2" gyro, experimental
configurations exist in which the reciprocal bias is larger than the lock-
in threshold. The construction of the '2+2'" gyro is basically that of a
two-mode gyro, except for the absence of a body dither. The laboratory
device exhibits performance that is superior to that of a conventional
laser gyro. Our attempts to understand the underlying ''2+2" mechanism
will, we hope, allow us to determine whether this performance is also

realizable in a production model.




IV. APPLICATION OF LASER ROTATIONAL SENSORS TO PROBLEMS IN GENERAL AND
SPECIAL RELATIVITY

In our on-going study involving the application of ring laser devices

e e

to problems in general and special relativity, we have designed two earth-

bound experiments based on Sagnac interferometry. In these experiments, !
light from a laser is split into two beams and both beams are injected )
into a ring interferometer. One beam propagates in the clockwise direction

in the interferometer and the other propagates in the counterclockwise

direction. In the presence of rotation, a differential phase shift exists

between the counterpropagating waves. By using nonlinear optical elements,

we can translate this phase difference into a frequency difference that

can be more precisely measured. We calculated the differential phase

shift and the frequency difference in these experiments within the frame-

work of parameterized post-Newtonian (PPN) formalism. PPN formalism is a

theoretical framework to provide a comparison between various metric theories

of gravitation. It is clear from our analysis that an earthbound experiment

to observe the vet-unobserved geodetic procession and Lense-Thirring effect

is within the reach of present technology.
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APPENDIX A

AN OPTICALLY BIASED LASER GYRO
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ABSTRACT ]

We describe a four-mode ring laser which exhibits none of the
mode-locking characteristics which plague laser gyros. This laser is
characterized by a bias which changes sign with a change in the direc-

tion of rotation and prevents the counter-propagating modes from

locking. A theoretical analysis explaining the experimental results

is outlined.

tWork supported by the Air Force Avionics Laboratory ASD,
Contract #F33615-79-1744,
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In this letter, we report the first observation of a “strapdown" ring
laser which exhibits no frequency locking. It is well known that, for
sufficiently high rotation rates, the beat note between the frequencies of
the clockwise and anticlockwise traveling waves in a ring laser is proportional
to the rotation rate of the device.1 However, backscattering couples the
counterrotating waves and at low rotation rates the frequencies tend to
lock.2 Laser gyros often contain body-shake dither mechanisms3 to mitigate
this lock-in problem. This method has similar mechanical support problems
to the mechanical gyro. In addition, since a dithered gyro spends part
of its time in the lock-in region, rotation information is sometimes lost.
Purely optical methods4 of circumventing the lnrcking problem exist, for
example, the Zeeman Laser Gyro.5 These scheme:: often involve complicated
setups and have the additiona.i problem of polarization anisotropies.

In a number of recent papers,6 another multioscillator approach to
solving the locking problem was investigated. In these studies we
considered pumping a traditional linearly-polarized ring laser hard enough
so that two strong modes and two weak modes o<:illated in the cavity (Fig. 1).
A possible configuration is a ring laser with a pair of strong linearly-
polarized axial modes and a pair of weak linearly-polarized off-axial modes.
In a recent experiment using such a laser ("2+2" gyro}, the lock-in region
vanished altogether (Fig. 2) due to the occurrence of an induced bias much
larger than the backscattering contributions. This bias (reciprocal bias)
had the interesting feature of changing sign with a change in the direction
of rotation. We will describe, in detail, our experiment and outline the
theory which explains the vanishing lock-in and reciprocal-bias phenomena.

The experiment involved a 40 cm. equilateral triangle ring laser that

was constructed from a solid block of CervVit. The laser was operated with a
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Fig. 1.

w optical freqv

Spectrum of "2+2" gyro. We have two strong modes, 2 and 3,

and two weak modes, 1 and 4. Modes 1,2 are anticlockwise modes,
while modes 3,4 are clockwise modes. Modes 1,4 and modes 2,3
belong to different transverse modes and are separated in
frequency by A = 60 Mdz. A scanning Fabry-Perot etalon was
used to measure the frequency spectrum.
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Fig. 2.

Beat note vs. rotation rate for the "2+2" gyro. The points
(A) are the experimental results, while the dashed curve is
obtained by solving Eq. (6). For comparison, we have included
the beat note measured when the same laser was operated with
only two modes. The actual two-mode curve contained a null
shift of .75°/sec along the abscissa. We have removed this
asymmetry which is probably due to Langmuir flow or frequency
pulling and pushing.




2.4 to 3.5 Torr mixture of helium and neon (He:Ne = 13:1). The neon
contained equal amounts of 2Ne and 22Ne. A dual-anode and dual-cathode
configuration was used to eliminate the effects of Langmuir7 flow. Threshold
currents for 2-mode operation ranged from 1.2 to 2.5 mA at gain center. To
measure the beat note, we combined the counterrotating light beams with a
prism and directed the resulting beam onto a detector whose output was fed
into frequency counters. A piezo-electric crystal was attached to one of
the mirrors so that we can change the cavity length and produce a detuning
from the maximum of the gain curve, but this crystal was not servoed for
cavity length control. This laser was also used in previous multioscillator
experiments and further details are given in Ref. 6. The main modification
was the removal of an intracavity aperture that was used to prevent the
lasing of off-axis modes.

Four-mode (two ‘I‘EMnoo and two TEMn01) operation was achieved by increasing
the plasma current and by adjusting the cavity length to obtain the proper
detuning. The strong (TEMnoo) and weak (TEMn01) mode spacing was approximat:ly
60 MHz. Threshold for four-mode operation was roughly 3.5 times that for
two mode. For our experiment, the strong to weak mode intensity ratio was
typically 30:1, although similar results were obtained for ratios between
S0:1 and 20:1. Fig. 2 shows a typical plot of beat note versus input
rotation. Two striking features are the lack of a measurable dead band,
and the discontinuity at approximately zero input rotation due to the
reciprocal bias (the instantaneous rate accuracy for our experiment was
.01°/sec). Also, the output exhibited no hysteresis and was linear with a
scale factor of 2.4 KHz/(°/sec).

Other measurements were made to help us understand the underlying ''2+2"

mechanism. For instance, when all four light beams were comparcd we obscrved
10




only the frequency (v3 - v2 + v, - v))/2 which suggested that the beat notes
v2 - vz and v, - v; were equal. To check this, we measured the output of
the clockwise and anticlockwise modes with different detectors. The clockwise
signal was modulated at v, - vi; and the anticlockwise signal was modulated
at v; - vp. Note that since TEMnoo was othogonal to TEMnol’ one must look
at only a small portion of the beam to observe these modulations. When the
output of the two photomultipliers were mixed, we observed no beat note
which meant that v, - v3 = v] - v Oor v3 - v = v, - v;. We also observed
that each mode intensity was ac modulated. The modulation was basically
sinusoidal with a frequency equal to the gyro beat note and an amplitude
much less than the total mode intensity. The counterrotating mode intensities
vary 180° out of phase with respect to each other.

A semiclassical laser theory of the "2+2" gyro yields electric field
amplitude and frequency determining equations like Eqs. (25) and (26) in
Ref. 5, but without the x-y anisotropy terms and with different values of
the coefficients and ordering of the mode indices (nijk = 1234, 2134, 3412,
4321). 1In our analysis it is convenient to use the following variables:8
(1) average strong-mode intensity, IS = (I3 + I,)/2 and weak-mode intensity
Iw = (I, + I4)/2; (2) normalized intensity differences,is= (I3 - 12)/21S
and Iw = (I, - Il)/ZIw . Simplifications to the equations may be
made by noting that in the experiments the average intensities
were constant and the ratios is and iw were small. Furthermore, it was
observed that the strong and weak mode beat notes were equal. Using the
above information we find the working equations for our problem

dis

- - 2a i + 2bs sine cos¢ 1)

di
X 2ati - i - i s 2
Tt 2'i zeswlsls 2b, sine  cosé (2)

1




%% = SQ + {bsis sines - bwiw sinew} sing, (3
where ¢ is the phase difference between the strong or the weak counterrotat-
ing modes, a is the net linear gain, b is the backscattering coefficient,

€ is the backscattering angle, the subscripts s and w denote whether a
quantity is associated with a strong or a weak mode, a& =a, - eszs, esw

is the cross-saturation coefficient between the strong and weak modes, S

is the scale factor, and @ is the rotation rate. We have allowed for the
strong and weak modes to have different backscattering coefficients and
phases. In order to have constant total intensity, the backscattering angles
e, and €y have to be old multiples of m/2. Since the strong modes are

far above threshold, a, >> 6, and in the case of the weak modes, it is

possible that a& << &. In this limit,

[
"

b, sine_ cos¢/ag (4)

and i
1y

- 2Ab  sine sing/¢ , (5)

where A = 1 + eswbs smes/[(Bs-es)bw 51new]. By substituting Eqs. (4)

and (5) into Eq. (3), we obtain an expression for the ''2+2" beat note
$ =5Sa+ Abwz/&, - A(bw2/$) cos2¢ + b_2/(2a)) sin2g. (6)

Note that in the absence of the weak modes, Eq. (6) reduces to the usual
lock-in equation where the lock-in threshold is [S@| = bg/(Zas). To
determine the effect of the weak modes we solve Eq. (6) for 5. For the
purpose of discussion, we neglect the last term. This is justified because

the bias obtained is much greater than bsz/(Zas). By doing so we have a

quadratic equation in ¢, with the solution

12
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¢ = Sa/2 + /(SR/2)% + 2b7A sin%e (7

where the plus sign is for positive rotation and the negative sign is for
negative rotation. As the rotation rate approaches zero from the positive
side, we have

¢ = V2A b _[sing] (8)

We see here that the stationary values ($ = 0) ¢ = 2nm are unstable, and
therefore that no lock-in band is encountered. Phase fluctuations due to
for example mechanical vibrations kick the system for ¢ = 2nm points toward
¢ = 2(n+1)w, but not in the reverse direction. Since Eq. (8) shows that
the phase can only increase, we obtain a positive bias which may be as big
as /2A bw' Similarly as we approach zero input rotation from the negative
side, a negative bias equal in magnitude to the positive bias is encountered.
At this point one may question whether it is really necessary to have
four modes. It would seem from our derivation that as long as the excitation
is sufficiently low such that a << ¢, an induced bias and a zero lock-in
band can be obtained. A closer examination shows that in the two-mode
case the assumption o << ¢ implies that the two mode amplitudes differ
significantly and in an unstable fashion which eventually lead to one of tae
intensities being close to zero. In the four-mode case, the term eszs in
Eq. (2) causes iw = /A at zero input rotation. So by making a proper
choice of backscattering angles, i.e., sines = - sinew, iw may be.made to
remain small.
To determine the reciprocal bias, Eqﬁ (7) was solved numerically with
a computer. The two-mode backscattering4contribution was included by replacing

SQ with SQ + bsz/(Zas) sin2¢ and a rapidly varying function F(t) was added

to ¢ to account for the presence of noise. This function F(t) has a zero
13




time average and a 5 Hz amplitude, which is the uncertainty of the measured
beat note. The two-mode lock-in coefficient is measured to be around 250 Hz
and this in turn gives bw = 10 KHz. We estimated the intensity variation

iw = 20%, giving A = .04. Finally, since we have a 40 cm cavity, S = 2 KHz/
(°/sec). The theoretical curve corresponding to these values is shown in
Fig. 2(dashed lines). Thus we conclude that a careful analysis of the
four-mode '"2+2" problem provides us with a satisfactory explanation of the
observed bias and reduced lock-in. A more complete theoretical analysis
will be published elsewhere.

In conclusior, we have constructed a four-mode linearly-polarized
ring laser which had no lock-in region. The beat note exhibited no hysteresis
and was esseatial.y a linear function of input rotation. Preliminary
theoretical investigations lead us to believe that the zero lock-in region
may be based on the following features.

1. The nonlinear interaction between the active medium and the four
gyro modes gives rise to relative phase angle terms which lock the beat
frequencies of th« strong and weak modes.

2. The mode intensities vary with the beat frequency. In the two-
mode gyro this variation introduces a bias which is always less than the
lock-in threshold. In the four-mode case there exists experimental con-
figurations where the induced bias is larger than the lock-in threshold.

Further investigations are being carried out, particularly, in
determining the dependence of the gyro on frequency detuning, and on the
strong and weak mode intensities. Finally, we wish to emphasize that the
construction of the '"2+2" gyro is basically that of a two-mode gyro except
for the absence of a body dither and an intracavity aperture. Therefore,

with minor changes in the present production gyro one may be able to

14
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vastly improve its performance. Whether this is realizable depends on
our understanding of the underlying mechanism.

We wish to thank Prof. Murray Sargent III for helpful discussions.
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APPENDIX B

Beat-note sensitivity in a Zeeman laser gyro: theory and
experiment
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We present data that are the first significant correlation between theory and experiment of a Zeeman laser gyro.
This study concerns the behavior of the Zeeman laser-gyro beat note as a function of detuning, magnetic field, and
optical activity bias. Both experiment and theory indicate the presence of a gyro configuration that is insensitive
to cavity-length changes. This result has obvious importance and relevance to practical laser-gyro devices.

The fundamental principle underlying laser-gyro-
scope operation involves the observation that a rotating
optical ring resonator has two different round-trip path
lengths.! This translates into a frequency difference
between the counterrotating modes in the gyro. Owing
to the scattering of energy from one mode into the other,
the beat frequency “locks” (i.e., vanishes) for small-
input rotation rates.?2 Since technological constraints
prevent the elimination of this dead band, laser gyros
are often mechanically dithered to reduce the effects of
lock-in.3  Although dithered gyros are suitable in both
size and sensitivity for aerospace guidance applications,*
the potential of laser gyros is not fully realized unti! one
has an instrument that contains no moving mechanical
components. Because of this, multioscillators’ became
interesting as candidates for the next generation of laser
gyros.

A class of multioscillator gyros, the Zeeman laser gyro
(ZLLAG),%*® consists of two two-mode ring lasers sharing
the same cavity and distinguished from each other by
their electric-field polarization (Fig. 1). A fixed bias is
introduced into the cavity to circumvent the problems
of lock-in, i.e, the left- and right-handed gyros have the
beat frequencies

vy — vy = —S{ + bias (1)
and
vy — vy = SQ + bias, (2)

respectively, where S is the scale factor and Q is the
input rotation rate. Rotation-rate information is ob-
tained by taking the difference of the beat notes from
the two coresident ring lasers,

¢'='M4—V1—V2+U:;=28Q. (3)

We see that the bias cancels so gyro accuracy is no longer
hampered by bias instabilities and, in addition, twice
the rotation-rate sensitivity results.

There remains the question of how accurately one can
determine input rotations. The ZLAG beat note. for

example, is a function of detuning, A, and magnetic
field, H, on the active medium. Ideally the beat note
should be zero with no input rotation. However, non-
linearities in the active medium induce a null shift,
which varies with the magnetic field and detuning.
Since an axial magnetic field is used for biasing the
counterrotating modes and since cavity-length fluctu-
ations that lead to detuning variations are unavoidable,
we need to look for a ZLAG configuration that mini-
mizes |dy/dA|.

In this Letter, we describe the experimental and
theoretical studies on the ZLAG beat note, ¥, at zero-
input rotation as a function of axial magnetic field and
detuning. Besides the practical aspect of finding a gyro
configuration that is insensitive to detuning and mag-
netic-field fluctuations, the data presented in this Letter
are significant for two additional reasons: (1) The
ZLAG can only be treated by a vector theory,!101! j e,
the electric-field polarizations and the magnetic sub-
levels of the atoms have to be taken into account. Our
studies provide a test for the ZLAG theory that is the
most general and comprehensive (and, therefore, the
most complicated) Lamb-theory extension to date. (2)
The precision of measurements involving differences
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Fig. 1. Optical spectrum of a Zeeman laser gyro. L(R) in-

dicates left (right) circular polarization; A(C) indicates anti-
clockwise (clockwise) mode.
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Fig. 2. Experimental apparatus for a Zeeman laser gyro.

in frequencies (beat notes) is that associated with
quantum noise limit of the laser linewidth (typically
1073 Hz). For laser frequencies of 104 Hz, this reso-
lution is one part in 10'7. Measurements of absolute
frequency of the individual modes, intensities, and
polarization characteristics do not compare in precision
to this measurement.

The He-Ne ring laser used in this study (see Fig. 2)
was constructed from a solid block of CerVit. Clearance
holes, gain bores, and an aperture were machined into
this block to accommodate both the optical and elec-
trical discharge paths. Both mirrors and electrodes
were affixed to polished surfaces on the block. The ring
cavity has two separate, equal gain regions. Each of the
gain regions has a magnetic coil surrounding only the
full gain bore regions of the cavity. These coils provide
the Faraday bias. The Faraday bias is linearly related
to the magnitude of the magnetic field (about 2 kHz per
gauss). Modes of different polarizations are separated
in frequency by an optically active quartz crystal ori-
ented with its optic axis parallel to the laser beam. The
frequency splitting from the quartz crystal was ap-
proximately 35 MHz for one of the cases presented in
the Letter and 440 MHz for the other.

Semiciassical laser theory involves solving self-con-
sistently the coupled Maxwell and Schriadinger equa-
tions.'? The procedure for obtaining the frequency-
and amplitude-determining equations for the four
electric-field modes is first to calculate, through the
Schrodinger equation to third order in the interaction
potential, the dipole moment induced in each atom of
the active medium. By statistically summing the in-
dividual atomic dipoles, one obtains an expression for
the polarizibility. This expression for the polarizibility
is then used in the field equation. The field equation,
which is obtained from Maxwell’s equations, may be
separated into four equations for the time development
of the electric-field amplitudes and four equations for
the frequencies. These equations are coupled by terms
containing the relative phases of the electric field.
Since we are at present only interested in the behavior
of the ZLAG outside of the lock-in region, these terms
tend to average to zero. This decouples the amplitude
equations from the frequency equations. In addition,
we are interested only in the cases in which the elec-
tric-field amplitudes are at steady state and the four
modes are above threshold. We found, by looking at

the various coupling parameters, that under certain
conditions the field modes are weakly coupled.'® In
these cases, the problem reduces to solving the four al-
gebraic amplitude equations simultaneously for the
stable solutions. These equations are

4

n = Z Opmlm =0, 4)
m=y

wheren =1, 2,3, 4; «, is the nth-mode net gain; 0,,,,, is

the saturation coefficient between modes n and m; and

I, is the mth-mode intensity. The values for the am-

plitudes obtained are then used in the frequency

equations

4
2 Tamlin (5)

m=]
to determine the lasing frequencies. For Eq. (5), 1, +
¢n, is the nth-mode lasing frequency, Q,, is the nth-mode

Vn+‘.bn = Sln"' On =
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Fig. 3. Four-mode beat note versus detuning for different
values of axial magnetic fields. The values of the axial mag-
netic field are shown on the right vertical axis. This gyro has
a 35-MHz quartz crystal in the cavity. These data were ob-
tained with zero-input rotation. Note that at 80 G the slope
of the curve is approximately zero. The dash curve is the
theoretical result for H = 80 G.
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Fig. 4. Four-mode beat note versus detuning for different
values of axial magnetic fields. This gyro has a 440-MHz
quartz crystal in the cavity. These data were obtained with
zero-input rotation. The dash curve is the theoretical result
for H = 20 G.
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Fig. 5. Derivative of the beat note with respect to detuning
versus magnetic field for quartz crystals of 35 and 440 MHz.
The experimental values are obtained from Figs. 3and 4. The
theoretical values are the result of a numerical analysis based
on the Zeeman laser-gyro theory.

passive cavity frequency, g, is the nth-mode fre-
quency-pulling term, and r,, is the mode-pushing
coefficient between modes n and m.

To summarize, the features of our theory are as fol-
lows: the cavity has four circularly polarized modes,
the medium is inhomogeneously broadened with atoms
of some given angular momenta, and it is possible to
have more than one isotope and for it to be in an applied
magnetic field. Details of the ZLAG theory are pre-
sented in Refs. 11 and 13.

The data shown in Fig. 3 are associated with the
35-MHz crystal. The vertical scale represents the
four-mode laser-gyro beat note, Y. This beat note is
detected from the electrical output of a photodiode, i.e.,
the four beams (two from each direction around the
ring) are spatially aligned coaxially with mirrors and
beam splitter and directed to the surface of the photo-
diode heterodyne receiver. Detuning is the difference
between the mean optical frequency of all four modes
and the midway point between the natural 6328-A
transitions of 22Ne and ??Ne of the He-Ne gain media.
These transitions are approximately 875 MHz apart.
Detuning of the optical frequency is affected by
changing the cavity length (see Fig. 2). The mag-
netic-field strength on the gas plasma is indicated to the
right of each curve. Also shown is the theoretical curve
for H = 80 G. Both theory and experiment are in good
agreement, and they both indicate a linear relationship
between ¥ and detuning. There is also good ar;reement
between experiment and theory for the other values of
H. Figure 4 is similar to Fig. 3 except that the data in
Fig. 4 are associated with the 440-MHz crystal. Figure
5 is a summary of the theoretical and experimental data
for all values of the magnetic field. The vertical scale

March 1980 / Vol. 5, No.3 / OPTICS LETTERS 101

is the derivative of the four-mode beat note with respect
to detuning, and the horizontal scale represents the
magnetic-field strength on the gas plasma.

In conclusion, we present data that we believe to be
the first significant correlation between theory and
experiment fora ZLAG. We emphasize that the theo-
retical treatment does not involve any variable pa-
rameters. In fact, the theoretical curves were generated
before the experimental. From the point of view of
using the ZLAG as a gyroscope, it is interesting to note
that both theory and experiment predict a zero in dy/dA
for the configuration using a 35-MHz crystal and an
80-G axial magnetic field. Theory and experiment
indicate that operation with, for example, a 440-MHz
crystal is undesirable because there is no nonzero axial
magnetic field that will make the gyro beat note insen-
sitive to changes in cavity length.

The research of V. E. Sanders was supported by the
U.S. Air Force Office of Scientific Research and the Air
Force Avionics Laboratory ASD under contract
33615-78-C-1524; that of W. W, Chow and M. O. Scully,
by the Air Force Avionics Laboratory ASD under con-
tract F 33615-79-C-1744.
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Multioscillator Laser Gyros
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(Invited Paper)

Abstract -The two-mode ring laset gyro is reviewed. Standard biasand
dither techniques are discussed that alleviate the mode locking encoun-
tered at low rotation rates. The four-mode DILAG (differential laser
gyro) and its magnetic field extension the ZLAG (Zeeman laser gyro)
are defined and analyzed. These devices contain two coresident ring
lasers of opposite helicity and may have no moving parts. The mode-
locking problems are overcome with the use of various biases that cancel
out in the rate signal. A semiclassical analysis is reviewed that gives the
electric field litudes and freq of the four modes in the pres-
ence of multilevel atoms, cavity anisotropy, and backscattering. It is
shown that without mode-locking contributions, laser operation can be
approximated very well by four independently oscillating modes. The
Zeeman effects are considered. Novel scalar four-mode schemes are also
di d that ci the mode-locking problem.

1. INTRODUCTION

INCE its conception [1]-[3] and first demonstrated appli-
cation [4] in the early 1960’s, the ring laser gyroscope has
been brought to an advanced stage of instrumental develop-
ment. Recent disclosures [S], [6] reveal gyros that are suitable
in both size and sensitivity for aerospace guidance applications.
Typical aircraft inertial navigation systems require instruments
capable of sensing rotation rates near 0.01°/h. Present ring la-
ser gyros are capable of sensing rotation rates down to 0.001°/h
(0.0001 earthrate). Compared to its meckanical counterpart,
the laser gyro is substantially cheaper, lighter, has no start-up
time, and is a “strapped-down” device. Furthermore, its life-
time has been extended to several tens of thousands hours.
A basic two-mode ring laser gyroscope has two independent
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Fig. 1. A basic two-mode ring laser gyro. The two counterrotating
waves are combined by a prism and the beat note gives the sotation
rate about an axis normal to the plane of the ring cavity.

counterrotating waves oscillating in an optical ring cavity (see
Fig. 1). The frequencies of the waves depend linearly on the
rotation rate of the cavity with respect to an inertial frame
{71, [8]. Consequently, the rotation rate is proportional to
the beat note. Ideally the ring gyro contains no moving parts.
In practice, however, the two-mode laser gyro often must be
mechanically dithered [9]-[11] to keep the counterrotating
traveling waves from locking at low rotation rates [12], [13].
Investigations £14], [15] show that the lock-in problem can
be alleviated by using a ring cavity that contains more than
one pair of counterrotating modes. With these so-called multi-
oscillators in mind, we may indeed hope to have a gyroscope
with no moving parts.

This paper concentrates on the use of four-mode multioscil-
lators as laser gyros. For completeness we begin by giving an
overview of the fundamental principles underlying two-mode
laser gyro operation and the problems encountered in rotation
rate measurements with laser gyros (Section II). The remain-
ing sections are devoted to multioscillator concepts. In Sec-
tion II1, the most developed of the multioscillator laser gyros,
the ZLAG-Zeeman laser gyro, is described. This device is an

0018-9197/80/0900-0918$00.75 © 1980 IEEE
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extension of the earlier DILAG-differential laser gyro [14],
{15]. Both contain two pairs of two counterrotating waves,
each pair characterized by one orthogonal circular polariza-
tion. The rotation rate is given by the difference between the
two gyro beat frequencies such that the biases used cancel out.
The DILAG depends on many parameters, e.g., excitation
current, isotopic abundances, cavity length, optical activity,
and Faraday bias. The ZLAG is a DILAG with a magnetic
field applied to the laser medium itself. This approach yields
a Faraday bias without the use of a quartz crystal, allowing
operation with no intracavity optical elements. Since fabrica-
tion difficulties require one to be selective in the experimental
configurations studied, there is a need for a theoretical model
to perform the initial screening. A ZLAG model based on the
Zeeman ring laser theory [16]-[18] is described in SectionIV.
The equations describing the ZLAG simplify under certain
operating conditions as shown in Section V. Section VI gives
details of ZLAG construction and compares theoretical pre-
dictions with experimental observations. Finally, Section VII
discusses an alternative optical approach to solving the locking
problem in which we hope to replace the mechanical dither
used in two-mode gyros by a variation of the multioscillator
principle involving a combination of two weak and two strong
optical modes in a scalar field ring cavity.

In Appendix I, the eight amplitude and frequency determin-
ing equations for the ZLAG are written explicitly. Appendix 11
contains a description of the Yntema diagrams which simplify
the translation between mode frequencies and atomic velocities.
These diagrams developed by Yntema appear here for the first
time in the literature.

II. Laser GYRO OPERATION

A. Principle of Operation

The fundamental principle underlying laser gyroscope opera-
tion involves the observation that a rotating optical ring reso-
nator has two different roundtrip path lengths [7], [8]. For
the slow rotation rates encountered in gyro applications, this
path length effect may be treated nonrelativistically. From
Fig. 2, the path lengths for clockwise and anticlockwise modes
are

L.=21R + QR1, O)
L, =2aR - QR71, @)

respectively, where the rotation rate Q is positive for clock-
wise rotations. The second term on the right-hand side (RHS)
of (1) is the extra distance the clockwise wave has to travel
because the starting point has moved a distance QR7, in the
time the clockwise wave takes to complete a roundtrip (7.).
Similarly, QR7, is the distance the starting point has moved,
in the opposite direction, in the time it takes the anticlockwise
wave to complete its roundtrip (7,). Noting that 7, =L./c
and 7, = L,/c, we find the path difference

AL=L,-L.=41:R¥. 3)

Since the mode frequencies in a ring laser have to satisfy a
periodic boundary condition, the difference in path lengths

Fig. 2. A simplified Sagnac configuration. If two runners started run-
ning in opposite directions cn a clockwise rotating disk when point A,
which is fixed on the disk, coincides with point B in the laboratory
(fixed reference frame), then by the time, 7,4, the anticlockwise runner
reached A again, A would have moved to B’ in the laboratory. Simi-
larly, when the clockwise runner completes his roundtrip at time 7,
point A would be in position B” in the laboratory frame. Hence, the
actual distances traveled by both runners are different.

ar ar
a / a
(a) ideal (b) Lock-in
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Fig. 3. Sources of error in a laser gyro.

corresponds to a frequency difference between the counter-
rotating modes, i.e., Av/v = - AL[L ,wherev is the approximate
cavity frequency and L is the cavity length. Combining this
with the path difference [see (3)] , we find the beat note

Av=8Q=814/(AL)Q Q)

where § is the scale factor, A is the area enclosed by the ring,
and X\ =2nc/v is the laser wavelength. For example, a 40 cm
ring cavity, operating at the He-Ne transition of 6328 A,
when rotated at a rate of 10°/h, gives a beat frequency of 6 Hz
which is measurable using heterodyne techniques.

B. Error Sources

According to (4), a graph of the rotation rate versus the beat
frequency is a straight line passing through the origin [see Fig.
3(a)]. Three kinds of errors cause the gyro to deviate from this
ideal straight line. First, due to backscattering [12], localized
losses [13],and polarization anisotropies {19] , [20] , the mode
frequencies lock at low rotation rates [see Fig. 3(b)]. This
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results in a zero beatnote for a nonzero rotation. Two other
xinds of error are fluctuations in the null shift [see Fig. 3(c)}
and scale factor {see Fig. 3(d)], which affect the accuracy of
rotation-rate measurements even when the gyro is operating
far from the lock-in region. Null shifts are caused by noise in
the bias used to eliminate lock-in, Fresnel drag [21], differ-
ences in isotopic abundance, or frequency pulling and pushing
effects. Variations in the scale factor can be caused by mode
pulling and pushing effects.

C. Active Medium

The design of a two-mode laser gyro consists of selecting a
gain medium and cavity configuration that minimize pushing
and pulling errors, and of choosing a biasing scheme to reduce
the locking effect. The choice of helium and an equal mixture
of two isotopes of neon (Ne?® and Ne??) [21], [22] was made
in 1967 and remains the best to date. Both theoretical [23],
[24] and experimental [25] laser linewidth values for the He-
Ne laser have a resolution better than 1 Hz in 1 s. This resolu-
tion improves as the inverse square root of the measurement
time. With state of the art low loss mirrors, this gas mixture
requires considerably less than a 10 cm gain medium 1o sustain
laser oscillation at 6328 A and thus satisfies the requirements
for a small gyro. Spatial hole-burning competition effects in
homogeneously broadened media such as ion gasses, solid state,
and dye ring lasers typically result in unidirectional operation,
rendering these media useless for gyro operation. Spectral
hole-burning leads to strong mode competition near line center
in single-isotope inhomogeneously broadened gain media. This
competition is nearly negligible in the dual isotope inhomoge-
neously broadened medium {21}, [22], [26]. With the lasing
frequency roughly midway between the Ne?’/Ne?? natural
transition frequencies, the mode pushing and pulling effects
are tolerable.

D. Biasing Techniques

Lock-in typically occurs at rotation rates of around 0.1°/s.
A biasing scheme is required to overcome this problem. The
first biasing schemes suggested were those providing a constant
effective rotation rate which is larger than the largest rate to
be measured. The most popular of these schemes uses the
nonreciprocal Faraday effect [29], [30], [21], [9]. Applica-
tion of an axial magnetic field to an amorphous, isotropic
material placed in the ring cavity splits the cavity frequencies
of the two counterrotating laser modes. The beat note is
proportional to the product of the magnetic field and the
material length. The constant of proportionality is the Verdet
constant of the material. This scheme was not fruitful for two
reasons: 1) the element was sensitive to stray magnetic fields;
2) the suitable materials with large Verdet constants have
large thermal expansion. The changes in size with temperature
makes it difficult to fix the Faraday element in the cavity.

Another scheme providing a constant beat note offset uses
the Fresnel-Fizeau effect. This effect, like the Faraday effect,
is optically nonreciprocal and is due to a transparent dielectric
medium moving with a constant velocity along the axis of the
laser cavity. The induced beat note is given by

Av=2(n* - 1) viAL )

where n is the refractive index of the dielectric, v is its velocity,
{ is the dielectric length, X is laser wavelength, and L is the
total optical cavity length. Both a flowing fluid [29] and a
spinning glass wheel [31] have bcen used. As with the Faraday
cell, maintaining a constant bias to within 0.01°/h is me-
chanically difficult.

The stability problems associated with constant biasing tech-
niques are eliminated by alternating the bias in time (dither)
[9]. This occurs since over each cycle the bias averages to
zero and one is left with just the input rotation. To see this
we note that the instantaneous beat note for an undithered
system is given by [12]

y=a+hsiny ©)
where / is the beat note, a is the frequency difference due 10
rotation, mode pulling, and pushing effects, and b is the back-
scattering coefficient. If g is greater than b, y is never zero.
However, if a is less than or equal to b in magnitude, sin ¥
eventually assumes a value such that ¥ =0. In this case
does not change and the beat note remains at zero, i.e., the
frequencies are locked. The beat note for a dithered system is
given by [10]

WV =a+bsin Y +ccos(wgt) ()

where ¢ and w, are the amplitude and frcquency of the oscil-
lating bias. The bias amplitude ¢ is made large so that the gyro
is unlocked most of the time. To a good approximation

U(0) =at + -5 sin (wgy1). ®)
Wy

Substituting (8) back into (7) we find

¥ =a+bsin (at+-£—sin wdt)+ccoswdt. 9)
d
Using
cos —c-sinw,,t =J € \+2 i Jan £ cos 2nwyt)
Wa Wd n=1 Wy ’
and

sin (ism w,,t) =2 i Jan-1 (_c_) sin [(2n - Dwgt]

n=1 Wa
(10)
we write (10) as
b=at+bsinat{Jy [-)+2 = g (S cos (2nwgyt)
o(“’d) nz-:l 2n(“"d) ‘
+b oosat{Z Z Jan-1 (L) sin [(2n - l)w,,r]}
ne) Wy
+c cos wyt. an

Since the gyro measurement time is greater than a dither period.
(11) reduces to

V=atbl, (—-—) sin at. (12)
21
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Fig. 4. The demodulated beat note versus rotation rate for a sine-wave
dithered gyro. The dashed line shows ideal gyro behavior, i.e., no
lock-in.

Therefore, whereas without dither, locking occurs whena < b,
with dither locking occurs only when a < b J, (¢/wy). Further-
more, if ¢/wy is a root of Jy (ie., c/wy =2.405,5.520, ),
we have J =a, i.e., lock-in vanishes. In practice this is usually
not accomplished because the dither may be constrained to
oscillate at only certain resonar* frequencies and amplitudes.

One way to obtain an alternating bias is the “body dither”
which involves oscillating the laser gyro about an axis normal
to the plane of the ring. The dithering is usually accomplished
by mounting the gyro on a rotational spring system which is
oscillated by means of a piezoelectric transducer system. Typ-
ical values of ¢ and w, are 100 kHz and 400 Hz, respectively.
Fig. 4 shows the demodulated beat note versus rotation rate
for a sine-wave dithered gyro. Note that there is a finite
residual lock band at 2=0. This is because the gyro body
typically oscillates only at mechanical resonant frequencies
and amplitudes with nonzero Jy’s in (12). Curiously enough,
mechanical noise reduces the width of the lock-in band.
Theoretically this can be seen by including a noise term in
the dither amplitude of (7) (¢ ¢+ n where n is a pseudo-
random noise amplitude that is rapidly varying compared to
a dither cycle {10]).

Another successful technique involves the transverse Kerr
effect [6], [32]. Here one of the gyro mirrors is coated with
3 “soft” magnetic material (easily switched). The constant
magnetooptic induced bias is alternated at some frequency.
As in the body-dither approach, the positive and negative
excursions of bias cancel over a cycle and only the rotation
rate information appears in the beat note.

It has been shown that a lock-in reduction effect similar to
the alternating bias schemes can be obtained by a phase shift
modulation technique using optically reciprocal elements in
the ring cavity. One such scheme involves two prisms fixed
to each other and vibrated as shown in Fig. 5 [33]. The
laser gyro output appears frequency modulated as in the
alternating bias case.

Finally, we mention a scheme which is based on the fact that
backscattered light from the mirrors is a major cause of lock-in.
This scheme involves oscillating one of the mirrors in a shear
mode parallel to the plane of the ring cavity [34]. The com-
bination of amplitude, direction, frequency, and phasing of
the dithering mirror is critical. Lock-in threshold is reduced
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Fig. 5. A dithered effect using reciprocal elements in the ring cavity.

because backscattered light from one mode into the counter-
rotating one is Doppler shifted.

In summary, a two-mode ring laser gyro has two counter-
rotating running waves. Rotation rate information is obtained
from the gyro by observing the beat note between the modes.
Ideally, the beat note is linearly proportional to the rotation
rate. In practice this is not true because the two modes are
coupled by the common nonlinear gain medium and by the
scattering of energy from each of the beams into the direc-
tion of the other. The result is that at some low rotation rate
mode locking occurs giving « zero beat note for a nonzero
rotation. Thus, there is dead band (typically 0.1°/s) about
zero rotation, which gives no beat note.

Since technological constraints prevent the elimination of
the dead band, various procedures have been developed to
reduce its effect on gyro operation. Usually these fall into one
of two categories, either biased or dithered operation. In
biased operation, a constant “artificial” rotation rate is added
(c.g., by a Faraday bias) to the input rate so that the locking
region is avoided. The rotation rate measurement then depends
on the accuracy with which the bias is known. This bias can
change owing to varying magnetic fields and temperature.
Since the bias value has to be subtracted to obtain the input
rotation rate, and since the value of this bias is large compared
to the input rotation rate, a small percentage variation in the
bias may easily result in an order of magnitude error in the
computed rotation rate. In the dithered operation, an alter-
nating bias is used to circumvent the requirement on the
absolute stability of the magnitude of the bias. However, any
asymmetry in the applied oscillating bias results in null-shift
errors. Furthermore, a body-dither gyro does not have the
advantages that come with a truly strapped down device.

III. MuLTIOSCILLATOR LASER GYROS: ZLAG

A class of multioscillator gyros [35], the differential laser
gyro (DILAG) [14], [15] and its generalization, the ZLAG,
consists of 2 two-mode ring lasers sharing the same cavity and
having orthogonal circular polarizations (see Fig. 6). Bias
elements are used, but by taking the difference of the beat
notes from the two coresident ring lasers one cancels the bias
out and obtains twice the rotation rate sensitivity,

As for the two-mode gyro, an accurate measurement of an
input rotation requires the modes to oscillate independently
of one another. To help satisfy this requirement, the fre-
quencies of the modes with different polarizations are separated
by optical activity. A quartz crystal with its optic axis paraliel
to the laser axis is often used. In addition, the counterrotating
modes are separated by a Faraday bias. The amount of split-
ting required depends on how successful one is at minimizing
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Fig. 6. (a) Physical setup and (b) frequency spectrum of a DILAG.
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Fig. 7. Beat note versus rotation rate for a DILAG. Note that the bias
cancels out in the d:ifference of the beat notes.

backscattering and polarization anisotropies. Typical numbers
are 0.5 MHz between counterrotating modes of like polariza-
tion and 100 MHz between modes of different polarizations.

Application of an anticlockwise rotation shifts the clockwise
modes toward higher frequencies relative to the anticlockwise
modes. Fig. 7 shows that the beat note of the left circularly
polarized gyro is given by subtracting the anticlockwise from
the clockwise frequency; that is,

V1 - Ve =S + bias (13)

where ; =v; + ¢; is the frequency of the ith mode, the rota-
tion rate § is positive for anticlockwise rotation, and bias is the
frequency bias for the counterrotating mode beat frequencies.
This bias is chosen to be positive and much greater than {SQ|
30 as to operate far from lock-in. The beat note for the right
circularly polarized gyro is given by subtracting the clockwise-
mode frequency from that of the anticlockwise mode

¥3 - {1 =S5 + bias. 14)
So by subtracting one beat note [sce (13)] from the other
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[see (14)], one cancels the bias and gets twice the sensitivity
of one gyro (see Fig. 7).
In the unlocked region, then, the input rotation rate is re-
lated to the beat frequencies by

Q=5 [(\ps - ¥2)- (6 - )} @15)
This relation is no longer valid if two or more modes are fre-
quency locked. There are six two-mode locking possibilities
and they fall into three distinct categories: 1) locking of uni-
directional waves caused by x-y Q or phase anisotropy [19],
[20]; 2) locking of bidirectional waves with opposite polari-
zations caused by backscattering [12] and localized losses [13] ;
3) locking of bidirectional waves with the same polarization,
which requires backscattering and x-y @ or phase anisotrophy
acting simultaneously. In addition to these three locking mech-
anisms, which arise primarily from mirror imperfections, the
nonlinear polarization of the active medium may also cause
mode locking [18]. In principle these locking problems can
be minimized with sufficient biasing, that is, the introduction
of crystal quartz to get rid of the locking of unidirectional
modes and the use of the Faraday effect to cure the locking
of bidirectional modes. However, because of alignment dif-
ficulties and operational instabilities it is advantageous to
keep the physical size and complexity of the biasing elements
to a minimum.

As in the two-mode laser gyro, nearly equal amounts of Ne?®
and Ne? are used to reduce mode competition. By operating
with an average frequency midway between the two line cen-
ters, we avoid the extreme mode competition occurring at line
center in the single isotope case. Furthermore, the net fre-
quency pulling nearly vanishes when the isotopic line centers
straddle the operating frequencies. [Ideally, the laser modes
should obtain their gain from different atomic population
groups.

We see that the ZLAG can be made to be insensitive to the
effects of lock-in and bias instability. There remains the ques-
tion of how accurately it can determine input rotations. For
example, the dispersive behavior of the gain medium may cause
null shifts and scale factor changes. The determination of this
effect and the search for an optimum ZLAG configuration is
the purpose of current experimental and theoretical ZLAG
studies. We describe these studies in the following sections.

IV. SEMiIcLASSICAL THEORY OF A ZLAG

In recent ring laser multioscillator work [16], [18], semiclas-
sical laser theory was found to accurately describe the ZLAG.
This theory solves the coupled Maxwell-Schrodinger equations
(361, [37]. Sclf-consistently, each atom in the active medium
has an induced electric dipole moment. These dipoles com-
bine to form a macroscopic polarization which drives the laser
field. This field in turn induces the dipole moments in the
atoms (see Fig. 8). Maxwell's equations describe the driven
electromagnetic field and Schrédinger’s equation describes the
atoms’ behavior.

A. Field Equations

For the ZLAG gyro where there are two pairs of counter-
rotating modes, one with left circular polarization and one
with right circular polarization, the electric field is given by
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Fig. 8. Electric field £ assumed in cavity induces microscopic dipole
moments (py) in the active medium according to the laws of quantum
mechanics. These moments are thgn summed to yield the macro-
scopic polarization of the medium P, t) which acts as a source in
the Maxwell’s equations. The condition of self-consistency then re-
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Fig. 9. Ring laser coordinate system.

E@s)= %’ (Ex(@)é_exp [Fi(wy 1+ 6, (1))]
+E, (1) €, exp [-i(v; 1 + $2 (1)) } exp (ik45)
+4 {Es(e_exp [-i@s 1+ 63 ()]
+E, ()€, exp [-i(vat + 94 (1))] Y exp (-ikcs)+cc.
(16)

where the subscript C(4) denotes clockwise (anticlockwise)
traveling waves, s is the displacement along the laser axis (see
Fig. 9), v, + én is the lasing frequency, and E,, and ¢, are the
slowly varying electric field amplitude and phase. The €, (cir-
cularly polarized) unit vectors are defined by &, = (¥ i)/
/2. (For convenience the frequencies are in radians per second
when we are dealing with theory and in hertz when we are deal-
ing with the experimental resuits, We feel that the advantages
gained outweigh the risk of confusion.) Table I defines this
notation in terms of that used in classical optics. The electric
field induces a polarization in the medium

P(s,t) =1 (P, (e exp [-i(:t + ¢4 ()]
+ 93(f) €, exp [-i(vat + 62 (1))] } exp (iky 5)
+ {2 exp [-i@wat + 63 ()]
+ 94 ()€, exp [-i(vat + 04 (1)) } exp (~ikcs) +c.c.
an

Starting with Maxwell’s equations and assuming that the
electric field amplitudes and phases are slowly varying in time
compared to an optical period, one obtains four equations for
the time development of the electric field amplitudes E,,, and
four equations for the frequencies v, + ¢,. These eight field
equations are

E,. 1 Vpn

=1
tag By () a8)

and
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TABLE 1
DerINITION OF MODE SUBSCRIPTS IN (1) IN TERMS OF RUSNING-WAVE
DIRECTION AND CLASSICAL FIELD POLARIZATIONS. ONE RING LASER
CONSISTS OF MODES 2 AND 3, 1.E., CONSISTS OF LEFT CIRCULAR
POLARIZATIONS, AND THE OTHER IS A MADE UP OF MODES | AND 4,

Unit vector Clessical polarizstion

Mode subscript Direction

1 A (o) H Anticlockwise, right
- circularly polarizaed
2 A (o) c, Anticlockvise, left
circularly polarized
s [ XS] H Clockwiss, left
- circulerly polarized
4 € () <, Clockwise, right
circularly polarized
PALY] FES]
I ‘E' 0
~ -1
Wb
. y-2
e
1] Z .
Iy=2 ‘¢~ 0

N ———
e _2

’

Fig. 10. Possible level scheme. The electronic quantum numbers for
the upper and lower levels are a and b, respectively; the magnetic
numbers are &’ and b’; wgy is the frequency difference between the
levels in the absence of a magnetic field; w,'py’ is the frequency dif-
ference between magnetic sublevels 4’ and b'. This level diagram
with J; = 1, Jp = 2 corresponds to the 1.15, 3.39, and 0.6329 um Ne
lines in the He-Ne laser.

. l Vn
Ynt 6 =8 3 € Ep
where n=1, 2, 3, and 4. In (18) the second term on the left-
hand side (LHS) represents the losses present in the passive
cavity and the polarization appears on the RHS in the form
of a driving term. From (19) we see that the lasing frequency
Vn + ¢, is the sum of £,,, the passive cavity frequency, and a
term arising from the dispersive behavior of the active medium .

Re (%) (19)

B. Polarization of the Active Medium

To determine the %,’s in (17) we treat the atoms quantum
mechanically, including the following features:

1) the medium has an arbitrary amount of inhomogeneous
broadening

2) the atomic levels have nonzero angular momenta (see Fig.
10)

3) the electromagnetic field has two polarization components

4) a magnetic field may be applied

5) two isotopes contribute to the gain.

Atoms with different velocities can readily be described by a
population matrix which is a density matrix whose trace is the
number of atoms/volume [37]. We assume that the atoms have
a Maxwell-Boltzmann velocity distribution. Points 2)-4) re-
quire a vector theory which leads to an additional selection rule,
Am = £, governing transitions between the magnetic sublevels.
Contributions from different isotopes are different because of
differences in the position of the atomic line centers, average
speed, and Doppler width. We account for 5) by taking the
average of the macroscopic variabies from the different isotopes.

We solve for the population operator by iterating the Schro-
dinger equation to third order in the interaction energy -er  E.
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The resulting expression is coupled to the field equations via
the electric field amplitude and phase. Since the effect of any
one atom on the field in the cavity is minute, the field varies
little over the lifetime of an atom. This allows us to treat the
electric field amplitudes £, and phases ¢,, (where the optical
frequency oscillations are already factored out) as constants in
the atomic equation. This is an important step which decouples’
the atomic equation from the field equations and makes the
integration of the atomic equation possible.

The polarization obtained in this fashion contains terms
linear and cubic in the electric field amplitudes. The real and
imaginary parts of the linear terms give the mode pulling and
linear gain, respectively. They are [18]

0 =uN/(hKueo) £ 3 3. 84,50 p,\Piv 2
i P

*Zi[Yap + iwan' - ¥)] -¥/(2Q0) (20)
Op =D1_V-/(‘ﬁKqu) Zf; Z Z 84'.b'¢pn|9a'b'|2
i d v

*Z [YVop +i(wa'y' - ¥n)] (1)
where

v= % Zhet Un
4 = Planck's constant/(27)
€ = the permittivity of vacuum
Ku = the Doppler width
Ppp=1forn=2and 4
Pp=-lforn=1and3
Ya» = the electric dipole decay rate
Z,,Z; = the real and imaginary parts of the plasma disper-
sion function
9.y = (d'ler|b"), the electric dipole matrix element be-
tween levels 2’ and b’
N=QL) [ENG, Hds
N(s, 1) = the excitation at position s
[f; = the fractional abundance of the ith isotope.

The third-order coefficients are more complicated. They are
tractable in the strong Doppler limit [18] (where the Doppler
width is much larger than the homogeneous linewidth and the
detuning). As discussed, for example, in {37], the third-order
contribution to £, has the form

E,(,3)= - Z Z z EuEpEo Im {‘,rmpa €xXp (i\ymma)}
s p o

where the relative phase angle Y00 = (g - vy + 1, - o)t
+¢p -0, t¢, - ;. The complex third-order saturation
coefficients 3,,,, contain three time integrals, a velocity
integral, a spatia® integral, four sums over magnetic sublevels,
and a sum over isotopic abundances f;:

o PAEEEE[ [ [T

0
Lo [Caen,

TABLE 1i
SUMMARY OF THE §,,,, CALCULATION wHICH YIELDS THE COEFFICIENTS
GIven 1N (9)17). Tre DirecTioN AND CHANGE IN THE MAGNETIC QUaNTUM
NUMBER ARE INDICATED BY dn AND Pa. THE MAGNETIC SUBLEVEL
TRANSITIONS ARE GIVEN BY THE DassEs 1N Cotumn 8. A Lert (RioHT)
SLANTING DAsH (\) (/) INDICATES A CHANGE IN THE MAGNETIC QuaNTUuM
NumBer OF <1 (+1). THe NINTH COLUMN INDICATES THE @am TO WHICK THE

ParTicuLar 8, BELONGS.
Iategral
avow ‘v d. d. Type l. ’ Transitions C-
nun + + + 1 + - ANRN 11
1222 + + * 1 + + 7”7 22
ny - - - 3 - - WA »
bk - - - 1 - ¢ V274 “
122 + * + 1 * - P7.Y 12
1221+ + + b + - 7 12
2/ + 4+ 1 . + FANY 21
-2112 + + + 1 + + A\Y4 21
3344 - - - b 3 - - IZA) 3%
Ml - - . 1 - - (V7] 3%
4433 - - - 1 - + N\ 43
433 - - - 1 - + W 4
n» + - - 3 + - WA 13
13 - - + 2 + - ASNY 13
»u - + + 3 - - WA i
N1+ + - 2 - - (XXN %N
s+ - - 3 + + 297 2%
2442 - - + 2 + + 7”7 2%
4422 - + + 3 - + 1777 42
A2e + + - 2 - + 107 42
~2233 4+ - - ] + + I\ 2
252 - - . 2 P W/ 23
»na2 - +* + 3 - - 7N 32
nn + - - 2 - - (97 2
N+ - - 3 - - PrS 14
1441 - - +* H - - (V73 I
b * + 3 + o+ "\ a
g - - + 2 + + Wy 4
TABLE 111

SUMMARY OF THE COEFFICIENTS OF THE TERMS CONTAINING PHASE
ANGLES. INTEGRAL TYPES 2 AND 3 VANISH IN THE DOPPLER LimIT.

Integral Phase
nupg " l,' ‘0 Type ‘.‘ .~ Transitions Angle
1243 + - - 3 + - \YZ4

had
1342 - - + 2 + - ’”
AN+ - - 3 + + W

-
un - - + 2 + + N\
3421 - + + 3 - - \V74

-
N+ + - 2 - - 7\
412 - + + 3 - + W

»
213 + * - 2 - + NN

In general, various selection rules yield only one mode n for a
given combination of the indexes u, p, and 0. In the present
four-mode problem, out of 4* = 64 possible combinations, the
conservation of angular momentum (Am = +1) for axial mag-
netic fields and the conservation of the wave vector (Ak = 0)
reduce the number to 36 terms with ¥,,,,, =0 (see Table II)
and 8 with y,,,, = ty (see Table 1II). The information in
these tables has been programmed into a computer in even
greater generality than that needed here. For example, the
programs can also treat hyperfine structure, which does not
oceur in Ne?®-Ne?? mixtures. The general 9,,,,, are detined
in [16]. While they are exceedingly complicated from an
analytical point of view, they are relatively easy to deal with
using a computer.
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For a number of simple illustrations, see [18]. There the
programs are used to calculate intensity-tuning curves and
other features of Zeeman ring lasers operating without cavity
anisotropy, with single-isotope media and in the Doppler limit.
In the ZLAG problem, these simplifications cannot be used.
In addition, we now consider possible off-axis magnetic fields,
for which a given circular polarization can cause Am=11,0,
rather than just one of the three values. Inclusion of these
features gives us a fairly realistic model of the atom-field
interaction in a ZLAG near threshold. The use of third-order
perturbation theory causes saturation effects to be overesti-
mated for higher intensity operation.

C. Backscattering and Cavity Anisotropies

In this section we show how the mode-locking mechanisms
of backscattering, localized losses x-y Q, and phase anisotropies
are incorporated into the amplitude and frequency det>rmining
equations. We begin by treating the case of x-y Q and phase
anisotropies, that is, where the losses and phase shift per cavity
roundtrip for an x polarized wave (see Fig.9)are different from
those for a y polarized wave. The main contribution to these
anisotropies is reflection from mirror surfaces at angles other
than normal incidence. An originally right circularly polarized
wave has a left circularly polarized component added to it
after a reflection and vice versa. This leads to the introduction
to the amplitude- and frequency-determining equations with
the terms

. - -1,
(Endxy = [{ ?Lz&ﬂn Ynm --E-‘Lz—-cos w,,,,,] E,

and

H _ 9Px -l . E,
Gnxy = [-,cj Q"—zi €08 Yium + % l—z-—sm w..m] B
‘n

(22)
where

nm=1,2;2,1;3,4,4,3
Vom =Vn - ¥m
¢, and ¢, = the phase shifts added onto the s and p
waves per roundtrip
I E, and I E, = the losses of the s and p waves per round-
trip
¢ = the velocity of light
L = the cavity length.

With a 1 percent output coupling and a cavity length of 30 cm,
(c/L)1, =10 MHz. So if 1,/l, =0.9, the Q anisotropy coef-
ficient (¢/L) (!, - 1,)/2 =1 MHz. The phase anisotropy is not
as predictable because mirrors from different coating runs ex-
hibit different birefringent behavior for nonnormal incidence.
At the present state of the art, a multilayer dielectric mirror
¢oated for maximum reflection at a 45 percent angle of inci-
dence may have [0y~ 9 l=5X 10-? rad/reflection. This leads
12 2 phase anisotropy coctlicient of 200 MHz, The lock-in
threshold (proportional to the minimum measurable rotation
fate) equals the product of the anisotropy coefficient and the
sum or difference of electric-ficld amplitude ratios. For ex-
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ample, looking at the frequency difference between the uni-
directional modes ! and 2 we have

. - E
(77 % =7 '—2—[ET" 1:_‘;] €OS Y¥y2
sin ¥3 . 3)

Referring to the earlier discussion involving (6), we see that
the lock-in threshold is proportional to the coefficients of the
cosine and sine terms. Of particular interest is the (£, /E, -
E,/E,) factor in the phase anisotropy contribution to (23).
This is because the phase anisotropy coefficient produces the
largest mode coupling by far, and can yield a lock-in threshold
as high as 200 MHz. However, one can cancel its effect by
operating the gyro with close to equal unidirectional field
amplitudes.

Locking of modes with different polarizations and opposite
directions is caused by backscattering. Right (left) circularly
polarized light is scattered into the opposite direction be-
cause of imperfections of optical surfaces and to a lesser
extent by dust particles in the cavity. The scattered light
becomes left (right) circularly polarized, and it alters the
frequency and amplitude of the left (right) circularly polarized
counterrotating mode. This leads to the following terms in the
amplitude- and frequency-determining equations:

(En).v-: ~bm Epp €08 (Y - ¥ ~ €m)
(e = b 2

E,
where

nm=1,3;3,1,3,1,2,4,4,2
by E;yy = the rate of increment in the amplitude of the
backscattered wave
€m = the phase shift given to the backscattered part of
the wave.

sin (Wn = “‘m - em) (24)

The percentage of light backscattered from one mode into the
solid angle of the oppositely directed mode is estimated to be
1 X 107¢. This gives a backscattering coefficient b,, = 100 Hz.

Localized losses also cause locking of modes with different
polarizations and directions. This is because a standing wave
with nodes at the positions where the losses occur (usually at
the mirrors) may experience less net loss than a running wave
and, therefore, may have a greater chance of being above
threshold. Since the terms describing lock-in via localized
losses have the same form as those describing backscattering
{13}, we may, 10 a good approximation, account for it by
changing b, in (24). Experiments with two-mode gyros set
this value at around 500 Hz.

Locking of modes having the same polarization and opposite
direction requires both backscattering and x - y Q or phase
anisotropy acting simultaneously. The corresponding coef-
ficient for this case is

122';:) o by ¢y 2¢x)'

This rate is three orders of magnitude less than the back-
26
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scattering and localized losses coefficient, and six orders of
magnitude less than the x - y Q or phase coefficient. Therefore,
we expect that the coupling of the modes 1, 4 and 2, 3 is

negligible.

D. Frequency and Amplitude Determining Equations

In Section IV-B we showed how one can determine the
macroscopic polarization of the active medium by using quan-
tum mechanics, and in Section IV-C we showed how the
various mode coupling mechanisms may be incorporated into
the theory. Use of these results in the field (18) and (19) Jeads
to the following amplitude equations:

E.l =E, (an - z‘: onmlm)
= Im {(Onygx t Onxse) €xp (G Vnyx)} ELEjEy
+5E1[(6, - 62 sin Vi~ (- ) cos Y]

= byEy cos (Ynx - €) 25)

and

"t ¢n=nn +0, - Z Tam In
me=1

= Re {(Ongjx + Onuji) exP (Wnij) } EiEjEx/E,

+5%£% [(¢y = 9y COS Y + () - Iy) sin Yy,)

B
+ ———
*E,
where n,i,j, kare 1,2,4,3;2,1,3,4;3,4,2,1,4,3,1,2. Here
0, is the linear mode pulling; the self-saturation coefficients
Bn =0,, and the self-pushing coefficients p,, = 7, are defined
bY Pn *iBn = Opnnn 282 7/F% (75" + 75'), the cross-saturation
6.m and cross-pushing coefficients 7, (n # m) are defined
bY Tum + 10nm = (Sunmm * Snmmn) 2h%4/ 92 ('t 7;. ), the
dimensionless intensities [, = (PE,,/#)? (v;' + v5' )2y and?
is the reduced matrix element for the transition (see [37}).
These equations contain terms with four-mode relative phase
angles Y, of the electric field. These terms arise from the
nonlinear behavior of the gain medium in the presence of four
optical modes. Finally, we have the contributions from the
x-y phase and Q anisotropy and from backscattering and local-
ized losses. The eight amplitude and frequency determining
equations are written explicitly in Appendix I.

sift (Vx - €) (6)

V. SPECIAL CASES
A. Steady-State Operation Outside the Lock-In Region

Equations (25) and (26) are coupled by terms containing the
relative phases. If we are only interested in the accuracy of
ZILLAG measurements outside the lock-in regions, then all four
modes oscillate independently of one another, and the terms
containing the relative phases average to zero. As a result, the
set of amplitude equations are to a good approximation un-
coupled from the set of frequency equations. It should be
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noted that if accuracies of the order of 1072 Hz, which is now
achievable in laser gyros, are involved, this decoupled approxi-
mation may not be valid. Inaddition, we are usually interested
only in the cases where all four electric-field amplitudes are
above threshold and at steady state. Consequently, the problem
reduces to solving the four algebraic equations

(a,, - ...;;l B 1,,,) =0 @n

simultaneously for the intensities /,,. These values are then
used in the frequency equations

, .
Ut 9p=Q, to,- Z Tam Im
ms=j

(28)

to determine the lasing frequencies.

This model for the ZLAG is programmed for running on a
Data General Eclipse Computer. The steady-state intensities
are obtained by solving the intensity equations using a Gauss-
Jordan matrix-inversion method. The 16 possible solutions are
tested for stability using a small-vibrations analysis [37]. The
programs include interactive input/output and plotting routines
which greatly facilitate the study of our many parameter model.

To summarize, the features of our ZLAG model are: the
cavity has four circularly polarized running-wave modes; the
medium is inhomogeneously broadened with atomic levels of
arbitrary angular momentum and hyperfine structure; it is
possible to have more than one isotope and to have an applied
magnetic field.

B. Reduction to Four Weakly Coupled Single-Mode Oscillators

In general, the ZLAG is a coupled four-mode problem. This
section examines the extent in which the ZLAG may be treated
as four weakly coupled single-mode oscillators. Examination
of (25) and (26) shows that this requires: 1) the effects of
cavity anisotropies be small, 2) the phase angle (/n;jx) terms
be negligible, and 3) the cross-saturation coefficients be small
relative to the self-saturation coefficients.

Requirements 1) and 2) are satisfied when the mode frequen-
cies are not locked to one another. As discussed in Section
V-A, this is so under normal operating conditions. Require-
ment 3) concerns the size of the two-mode coupling constants

Gom = 8nmBmn/BnBm.

These constants are the ratios of the cross-saturation coefficients
to the self-saturatior. coefficients and represent a normalized
measure of two-mode coupling [37]. In the limit of G,,, =0,
there is no coupling between the nth and mth modes. The
ZLAG can be made to have the G,,,, ’s substantially less than 1
and hence to approximate the ideal uncoupled limit. To find
this configuration, we consider the results in [18]. There are
six coupling constants: Cy3, Cy3; C14, Ca3, Cya, Cas. For the
two-isotope gyro tuned midway between the isotopic line
centers, the largest of these are by far the unidirectional con-
stants Cy; and C34. The Bennett holes for a given unidirec-
tional pair can overlap considerably. However, the coupling is

(29)
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Fig. 11. Intensities of the four ZLAG mode versus detuning for an axial magnetic field of (a) 10 G, (b) 50 G, and (c) 100 G.
Detuning is the difference between the mean of the four ZLAG frequencies and the miGpoint of the two Ne isotopic line
centers. An axial magnetic field is sometimes applied on the laser plasma to bias the counterrotating modes. We assumed
the strong Doppler limit when generating these curves. The optical activity bias is 166 MHz, v, = 13 MHz, yp = 27 MHz,

¥=172 MHz, N/NT = 1.2.
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Fig. 12. Intensities of the four ZLAG modes versus detuning

for an axial magnetic fieid of (a) 10 G, (b) 50 G, and (c) 100 G.

We did not invoke the strong Doppler limit when generating these curves. All other parameters are the same as those in

Fig. 11.

also influenced by the different matrix element combinations
that enter into the cross-saturation and self-saturation coef-
ficients. Specifically, for the J=1 - 2 transitions (Ne 632.8
nm, 1.153 um, ano 3.39 um), the maximum value for the cou-
pling parameter is 0.228 [18]. As seen from [37, Fig. 12-4b],
this coupling is small enough to give only minor modifications
to the single-mode intensity-versus-tuning curves. On the other
hand, J = 1 =0 transitions (e.g., Ne 1.53 um) have a correspon-
ding coupling constant of unity [18] leading to substantial
mode interaction and suppression [31, Fig. 12-4a]. As ex-
pected, the J = % i % transition has no coupling at all (that is,
€ =0) because of conservation of angular momentum.

The four bidirectional coupling constants(C,3, Cy4, Cy3,and
Cy4) contain squares of Lorentzians having detunings of about
400 MHz for the midtuned, two-isotope Ne 632.8 nm line [18] .
With an electric-dipole decay constant y=2nx 100 MHz,
this gives 1/289 for C and, hence negligible coupling. In addi-
tion, Cyy and C,4 contain factors of different matrix-element
vombinations that reduce C by an order of magnitude for the
=1 =2 transitions [18].

Therefore, the ZLAG, when operating outside the lock-in
fegion on the Ne 632.8 nm line (J = 1 = 2), behaves as though
s four modes oscillate nearly independently of one another.

C. The Strong Doppler Limit

The strong Doppler limit is valid when the Doppler width Ku
is much greater than the decay rates and detuning (X is the
laser field wave vector and u is the average atomic velocity).
In this limit, the calculation of the third-order coefficients is
greatly simplified and the computer time required for running
our ZLAG program is cut in half, Unfortunately, since the
ZLAG operates midway between the two Ne isotopic line
centers, the detuning roughly equals the Doppler width. Using
the strong Doppler limit in this case over estimates the mode
competition effects. However, for certain cases the strong
Doppler limit still gives a good description of ZLAG behavior.
For instance, Figs. 11 and [2 show that the tuning curves
given by the strong Doppler limit and *‘exact” theories are
essentially equal for a wide range of magnetic fields. On the
other hand, Figs. 13 and 14 show that the strong-Doppler-
limit beat note deviates increasingly from the “exact” beat-
notes as the magnetic field is increased. Thus, although the
strong Doppler limit gives good estimates of the intensities, it
is not reliable in predicting the beat note. In fact, for certain
configurations, the predicted beat notes may differ in sign as
well as in magnitude,
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Fig. 13. ZLAG beat note versus detuning, A, for sn axial magnetic
field of (a) 10 G, (b) 50 G, (c) 100 G. Input rotation rate is zero,
optical activity bias is 166 MHz, and we used the strong Doppler limit.
All other parameters are the same as those in Fig. 11.
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Fig. 14. Beat note versus detuning for an axial magnetic field of (a) 10
G, (b) 50 G, and (c) 100 G. Al other parameters are the same of
those in Fig. 13 except we did not invoke the strong Doppler limit.

V1. ZLAG EXPERIMENTS
A. Experimental Apparatus

This section describes the ZLAG experimental apparatus and
results performed to test the theory. Specifically, Section VI-A
describes the apparatus; Section VI-B describes the effects of
axial magnetic fields on counterrotating modes; Section VI-C
describes the ZLAG beat note; and Section VI-D describes the
current state of the ZLAG. The cavities used were constructed
from solid blocks of CerVit. Machined into each of these
blocks are clearance holes, gain bores, and apertures to accom-
modate both the optical and electrical discharge paths. Both
mirrors and electrodes are affixed to polished surfaces on the
blocks. The CerVit blocks in each case have two separate,
equal gain regions. The electrodes (one cathode and two
anodes) are positioned so as to cancel the Langmuir flow
effects from the dc excited plasma gain media flow. Each
block has a valved tip-off connection allowing easy attach-
ment or removal from a vacuum fill station. The gas fill
parameters are quickly changeable at will. Each of these
inyv ruments has a port access to the laser beam optical path
where a quartz crystal biasing element may be positioned.
Some of the instruments have magnetic coils around the plasma
gain section providing a variable magnetic field along the
optic axis.

Fig. 15. Out-of-plane ring laser gyro.

Alignments of both mirrors and crystal are done with the
instrument lasing while attached to a vacuum fill station. The
seals on both the mirrors and crystal assembly are wax which
softens when heated. The lifetime expectancy of most of
these wax sealed instruments is only a few days without an
activated getter. The mirrors are positioned for maximum
intensity output which ensures minimum loss from misalign-
ment. The crystal orientation is adjusted for maximum circu-
larity of polarization of the output modes. This ensures tha:
the optic axis of the crystal and optic axis of the ring laser are
parallel.

The crystals used are right handed, i.e., the right circulacly
polarized modes are higher in frequency than the left circularly
polarized modes, with antireflection coatings on polished faces
nominally perpendicular to the crystals’ rotary axes. The laser
gain medium and wavelength is He-Ne and 6328 A. The cavity
length is approximately 30 cm.

As discussed in Sections II-D and 11, anisotropic reciprocal
optical biasing is needed to avoid x-y mode locking. As is now
recognized [38], [39], this type of frequency splitting may be
obtained without the use of a material element in the cavity.
For example, an out-of-plane ring cavity is implicitly aniso-
tropic. A photograph of such a ring laser cavity is shown in
Fig. 15. The four mirror angles of incidence on this instrument
are all equal and approximately 15°. A Jones matrix analysis
of this cavity as well as our experimental results show an
approximate 70 MHz frequency splitting between the left and
right circularly polarized modes.

B. Effect of Axial Magnetic Field on Counterrotating Modes

To avoid locking of the counterrotating waves, Faraday ro-
tators are often used to split the counterrotating mode fre-
quencies. Another source for this biasing is given by the
Zeeman effect on the active medium itself. Again, as dis-
cussed in Section 111, the magnitude of the bias must be much
larger than the largest expected value of SQ. This, in effect,
limits the rotation rate range. Fig. 16 is a graph of the Faraday
induced beat note between modes of like polarization as a
function of magnetic field on the active gain plasma of one of
these instruments. This instrument has 8 cm of active plasma.
Using this graph one calculates a Verdet constant associated
with the HeNe gas plasma of approximately 300 Hz/cm - G.
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Fig. 16, Faraday beat note from an axial magnetic field on the He-Ne
plasma. The dash curve is the theoretically predicted bias. Optical
activity is 440 MH2.
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Fig. 17. The Faraday bias (solid curve) may be broken into the mode
pulling (dash curve), self mode pushing (dot curve), and cross mode
pushing (dot dash) contributions.

This graph does not vary significantly as a function of total gas
prossure between 2.5 and 3.5 torr. Likewise, it is not affected
by plasma current over an operating range of 2-5 mA. These
data were obtained using equal portions of the two isotopes
Ne*® and Ne¢?? with the mean lasing frequency of the four
laser modes being approximately midway between the natural
frequencies of the two isotopes.

Abo shown, Fig. 16 is the theoretically predicted Faraday
blas, According to Fig. 17, frequency pulling accounts for
meost of the bias. To estimate this pulling contribution we
note that-a magnetic field A changes the atomic line center
weording to

W'y = wo + ug (HA)g (@ - ') (30)
where wy is the zero field frequency, up is the Bohr magneton,
& is the Landé g factor, and @’ and b’ are magnetic sublevel in-
dexes. This aiters the frequency-pulling coefficient through

changes in the plasma dispersion function [see (21)], as is
approximated by

0 =2, {7, +ilwo - ¥a)] t2n (ua/f) Hg
KA
aE E=vgp+i(we-vy)

whete p, =4 forn=2,4 and p, = -1 forn=1,3. Using(31)
to cakulate the mode pulling difference o4 ~ 0, between

counterrotating modes, we find an approximate value due to
frequency pulling:

@3n
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Fig. 18. Four-mode beat note versus detuning for different values of
axial magnetic fields. The values of axial magnetic field is shown on
the right vertical axis. This gyro has a 35 MHz quartz crystal in the
cavity. These data are taken at earth rotation rate. Note that at 80
gauss the slope of the curve is approximately zero. The dash curve is
the theoretical result for /= 80 G.
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Fig. 19. Four-mode beat note versus detuning for different values of
axial magnetic fields, This gyro has a 440 MHz quartz crystal in the
cavity. This data is taken at the earth rotation rate. The dash curve
is the theoretical result for H = 20 gauss.

Hg 8Z,()
O4- 0y Spg———— 32
4 1 B # aE t-'y‘hol(wo-y) ( )
where
1 4
y= 2 "Z.;l Yy
and

Wo ~ Vg X Wo - by,

One sees in Fig. 16 that the more exact theoretical curve over-
estimates the Faraday bias by about 10 percent.

C. ZLAG Beat Note

The following parameter variation data represent an example
of many experiments designed to determine the effects of
various phenomena on multioscillator gyro performance, Figs.
18 and 19 illustrate the choice of two separate magnitudes of
frequency splitting between the left and right circularly po-
larized modes in a ZLAG. The data were obtained using the
gyro described in Section VI-A. The left-right frequency
splitting in this instrument was obtained using a quartz crystal
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Fig. 20. Slope of multioscillator beat note with respect to detuning
versus magnetic field for quartz crystals of 35 and 440 MHz. The ex-
perimental values are obtained from Figs. 19 and 20. The theoretical
values are the result of a numerical analysis based on the Zeeman
laser gyro theory.

placed inside the laser caviiy. The vertical axis in the figures
represents the multioscillator beat note ¥ (10 Hz = earth rate
for this instrument). All of this data was obtained at the earth
rotation rate. Therefore, any substantial beat note other than
10 Hz represents an error in the gyro output. The horizontal
axis represents tuning of the mean optical frequency of all
four lasing modes. Zero detuning is taken to be midway be-
tween the natural 6328 A transition frequencies of the two gas
isotopes (Ne®/Ne??) comprising the gain medium. The de-
tuning is varied by changing the cavity length. The magnitude
of the magnetic ficld strength on the gas plasma is indicated to
the right of each curve in each figure. This field is created by
magnetic coils wrapped around the gain sections of the laser
(see Fig. 15). Fig. 18, associated with 35 MHz frequency
splitting by the crystal, indicates a large sensitivity to magnetic
field strength at zero detuning. Note that at 80 gauss there is
practically no detuning sensitivity in the beat note. Fig. 19,
which is for A4 =440 MHz, shows a large cavity length de-
tuning sensitivity for all of the magnetic field strengths.
Clearly, the choice of 35 MHz frequency splitting between the
left and right circularly polarized models and an axial field of
80 gauss is better than any of the other ZLAG configurations
shown in Figs. 18 and 19. It is significant that the results from
the theoretical model and these data agree over a wide range of
magnetic field (see Fig. 20).

D. Current Status

In summary, the ZLAG minimizes the effects of lock-in
without employing moving mechanical components and inter-
cavity optical elements. This is accomplished by using an out-
of-plane cavity and by subjecting the plasma to an axial mag-
netic field. However, this field induces frequency pulling and
pushing effects which cause the gyro beat note to be sensitive
1o cavity length and magnetic field fluctuations. This was pre-
dicted by our theory and was shown experimentally to be true
for gyros having 440 and 30 MHz polarization biases.

Current research is geared towards finding a ZLAG con-
figuration for which the beat note is sufficiently insensitive to
cavity length and magnetic field fluctuations. Our theoretical
model indicates that ccrtain optimal combinations of po-
larization bias and magnetic field may exist. Guided by this
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Fig. 21. Spectrum of proposed scalar laser gyro, Modes 2 and 3 are
oscillating far above threshold, while modes 1 and 4 are oscillating
slightly above threshold. The two sets of modes belong to different
transverse modes and are separated in frequency by A =60 MHz
[42].

model, the developmental studies toward an operational ZLAG
laser gyro continue,

VII. NOvEL MULTIOSCILLATOR APPROACHES TO
Lock-IN THRESHOLD REDUCTION

As discussed in Section I1, gyros often use body-shake dither
to eliminate the lock-in problem. This method has the same
problems of mechanical supports as the conventional gyro.
The ZLAG is a clever, purely optical way of circumventing the
lock-in region but has an additional problem of lock-in due to
polarization anisotropies. In a number of papers [40]-{44],
other multioscillator approaches to solving the locking prob-
lem were investigated. These schemes pump a traditional
linearly polarized ring laser hard enough so that two strong
modes and two weak modes oscillate in the cavity (see Fig.
21). The nonlincar intera tion between the gain medium and
the four laser modes provides mechanisms which reduce the
Yock-in threshold. The two strong modes are numbered 2 and
3; the two weak modes are numbered 1 and 4. Modes 1 and 2
are anticlockwise modes, while 3 and 4 are clockwise modes.
Modes 1, 4 and 2, 3 may have different longitudinal modes or
different transverse indexes. For example, the cavity may
contain two TEMgoq and two TEM,; 4 modes.

A semiclassical laser theory [36], [45] of this scalar multi-
mode ring laser yields amplitude and frequency determining
equations like (25) and (26), but without the x~y anisotropy
terms and with different values of the coefficients and order-
ing of the indexes (nifk = 1234, 2134, 3412, 4321). In this
section we discuss two useful approaches to solving these equa-
tions, called “optical dither” [41] and “2+2” (42]-{44].
These cases resulted from interpretating four-mode data re-
vealing reductions and even elimination of the locking region.
For optical dither, consider a configuration that fixes the weak
modes to a frequency difference of wy. Then the beat note
between the strong modes is

Ve =50 - by cos By sin Yy - ¢ sin (wgt + ¥x) (33)

where ¢ is derived from relative phase angle terms, we choose
wq >> Y31, and Yy is 2 geometry-dependent phase factor
[40]. This equation has the same form as (7) which describes
dithered operation. Qur “dithered” term, ¢ sin{wgt+ ¥a)
however, is not a result of the introduction of some external
oscillating component. In this scheme, the strong modes are
the gyro modes and the weak modes act as a dither.

To make a numerical estimate of the effective dither ampli-
tude ¢, we let ¥ =9, =7, = A. With a gyro operating around
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Fig. 22. Normalized scale factor versus input rotation rate for 2+2
configuration. The points are the experimental results, while the
cwsves are obtained by solving (30) and (40) numerically [42].
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Fig. 23. Beat note versus input rotation rate for a different “2+2”
comfiguration. Here no lock-in region is encountered. The beat note
curve for the same gyro operating with two modes is also shown for
comparison.

threshold, where the plasma occupies two legs of a triangle
and for a cavity bandwidth of about 1 MHz, we find thatc is
sbout 0.1-1 kHz when /,,/I;;¢ ~ 0.01. Although plausible, this
case has not been observed experimentally.

In this dithered scheme the strong modes are well above
threshold and the weak modes oscillate weakly with a fre-
quency difference maintained at wy = v, - v4. In other words,
we never allow the weak modes to lock. We now remove this
restriction. It is seen experimentally (43] that as the two
weak off-axial modes are brought above threshold, the lock-in
region reduces in width (see Fig. 22). This result is obtained
theoretically in [43] by numerically integrating equations
of motion for the relative phase angles Yt = 33 £ qy.

More recently, in a similar experiment [44], the lock-in re-
gion vanished altogether (see Fig. 23) due to the occurrence of
an induced (“2+2") bias much larger than the backscatter con-
tributions. This case is particularly interesting because it con-
sists of a standard two-mode gyro pumped slightly harder than
usual, and consequently we discuss it here in somewhat greater
detail. The analysis [44] of the vanishing lock-in region and
“242" bias is very similar to that used by Aronowitz and Lim
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[46] to explain the positive scale factor correction in two-
mode laser gyros. However, the result obtained for the four-
mode case is very different.

In our analysis of the amplitude and frequency equations
(27) and (28) appropriate for the scalar ring laser, it is con-
venient to use the following variables:

1) average strong-mode intensity /, = (/3 +13)/2 and weak
mode intensity I, = (/4 +1;)/2

2) normalized intensity differences i, = (3 - I5)/2], and
by =4~ )21,

3) phases ¢* and ¥~
Simplifications to the equations may be made by noting that
in the experiments the average intensities are constant and the
ratios i, and {,, are small. Furthermore, it was observed that
the strong and weak mode beat notes are equal. Using the
above information we find the working equations for our
problem:

di,
=2 = _2q,i, + 2b, sin €, cos ¢

& 34
diy_ ., .
7 = ~2uwiw ~ 205,05l - 2b,, sin €, cos ¢ (35)
do . - .

I =8Q + {byiy sin ;- by, iy, sin €, } sing (36)

where ¢ = y*/2 is the beat note between the strong or the
weak counterrotating modes, &, = &, - 0, /5, 05, is the cross-
section coefficient between the strong and the weak modes,
and all the other variables have been defined earlier. We have
allowed for the strong and weak modes to have different back-
scattering coefficients and phases. In order to have constant
total intensity, the backscattering phases €; and €,, have to be
odd multiples of /2. Equation (34) may be rewritten in the
form

iy=2b, sin g f dt, e 21 (o5 0 (1))
Since the strong modes are far above threshold, a, >> ¢ and

the cosine may be taken outside of the integral. One then
finds

iy =b, sin ¢, cos ¢. @7
Equation (4) may also be rewritten in the form

1, =-24b, sine, f dty e cos o (1)
where

A=y G O (38)

bysine, b, - 6,

In the case of the weak modes it is possible that a), << ¢, al-
lowing the exponent to be replaced by unity and

l,=-2.45—':-9—'—“’ sin ¢.

By substituting (37) and (39) into (36), we obtain an expres-
sion for the “2+2" beat note:

(39)
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=S+ AB2, /¢ - A (b2,/9) cos 2¢ + b2/(2a,) sin 2 . (40)

Note that in the absence of the weak modes, (40) reduces to
the usual lock-in equation where the lock-in threshold is
|S02| = b}[2a,. To determine the effect of the weak modes we
solve (40) for ¢. For the purpose of discussion, we neglect the
last term. This is justified because the bias obtained is much
greater than b2/2a,. By doing so we have a quadratic equation
in @, with a solution

$=s‘-;z% (SQ)* + 8 (b, VA)? sin® ¢. 1))
For large positive input rotation rates we expect ¢ =SQ.
Therefore, only the plus solution is valid for positive rotation.
Similarly, only the negative solution is valid for negative rota-
tion. As the rotation rate approaches zero from the positive
side, we have

é=b, V24 [sing|. “2)

We see here that the stationary values (¢ = 0) ¢ = 217 are un-
stable, and therefore no lock-in band is encountered. Phase
fluctuations due to, for example, mechanical vibrations kick
the system from ¢ = 2nn points towards ¢ =2 (n + 1) @, but
not in the reverse direction. Since (42) shows that the phase
can only increase, we obtain a positive bias which may be as
big as b,, /24. Similarly, as we approach zero input rotation
from the negative side, a negative bias equal in magnitude to
the positive bias is encountered.

At this point one may question whether it is really necessary
to have four modes. It would seem from our derivation that
a3 long as the excitation is sufficiently low such that o << ¢,
an induced bias and a zero lock-in band can be obtained. A
closer examination shows that the assumption a << ¢ implies
that the two-mode amplitudes differ significantly and in an
unstable fashion. In fact, if & << ¢, the two-mode gyro does
indeed have

b
ig_z_.“' i
P sin ¢

and one gets «n equation similar to (39) with 4 = 1. But note
that at low input rates (41) gives ¢ = b,, which leads to i = 1.
This corresponds to one of the mode intensities being close to
zero. In the four-mode case the term 8,7/, in (35) causes
g = \/4 at zero input rotation. Thus, by making a proper
choice of backscattering angles, i.e., sin €; = ~sin €,,, i, may
be made to remain small.

To determine the “2+2” bias, (41) was solved numerically
with a computer. The two-mode backscattering contribution
was included by replacing S2 with S + (b2/2a,) sin 2¢ and a
rapidly varying function F(f) was added to ¢ to account for
the presence of noise. This function F(¢) has a zero time aver-
age and a 5 Hz amplitude, which is the uncertainty of the mea.
sured beat note. The two-modc lock-in coefficient is measured
to be around 250 Hz and this in turn gives b,, >~ 10 kHz. We
estimated the intensity variation i, = 20 percent giving
A=0.04. Finally, since we have a 40 cm cavity, § = 2 kHz/
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(°/s). The theoretical curve corresponding to these values is
shown in Fig. 23 (dashed lines).

In summary, preliminary theoretical investigations lead us to
believe that the *‘242” bias may be based on the following
features.

1) The nonlinear interaction between the active medium
and the four gyro modes gives rise to relative phase angle
terms. These terms strongly couple the beat frequencies of
the strong and weak modes. As a result the two beat fre-
quencies are locked to each other.

2) Intensities between counterrotating modes vary with the
beat note frequency. In the two-mode gyro this variation in-
troduces a bias to the beat note. However, this bias is always
less than the lock-in threshold. In the “2+2” gyro there exist
experimental configurations where the induced bias is larger
than the lock-in threshold.

Further work is required on the “242” gyro. Tuning charac-
teristics need to be investigated. Gyro behavior at close to
zero input rotation is not clearly understood. Since there is
reason to believe that phase fluctuations play a role in creating
the bias at very low input rotations, the magnitude and sources
of these fluctuations need to be found. Modifications should
be made to our theory to account for the fact that at least two
of the gyro modes are operating far above threshold. Finally,
further investigation into the behavior of the backscattering
phases is required.

APPENDIX 1

ZLAG AMPLITUDE- AND FREQUENCY-DETERMINING
EQUATIONS

This appendix expands (25) and (26) to give the eight ZLAG
amplitude- and frequency-determining equations, and sum-
marizes the rotation used. Equation (25) expands to

Ey =E, [y - Boly - 6123 - O13l5 - Orals]
~ Im [(91343 + F1302) €' 1390] EyEEy
- (Qxy €OS Yy2 ~ Vyy sin Vil E3 - baEscos(¥y3 - €3)
Ey=Ey oy~ P21y - O]y - 033l - 02414)
- Im [(93031 + O2i3a) €7V 1300 ] E(ESE,
- [Qxy €0S Y3y = Vyy sin V) Ey - byEy
- c08 (Va4 - €4)
Ey=E; [ay - Bsl3 - 031, - 03213 - 8341,
- Im [D3104 + O4r) €V1200] E\ B, By
= [Oxy cOs Y34 - Vyy sin ¥33) Eq - by Ey
~cos (¥ - €)
Ey =Eq4 [ - Bals - Ouidy - 8aal; - Oax]5}
- Im [(Bq213 + 84312) €Y 1203] E,E(Ey
- [Qxy cosVay - ¥y sin ¥ 5] E; - byE,

- cos (Va2 - €2).
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Equation (26) expands to

o =R toy - pudy - Tl - Taly - Tuls
- Re [(91243 + Oysaz) eV 1103] E'EL EQE,

E.
+~E—: [Qxy sin Y43 t Py cOS V12l

E,
*b:ﬁﬁﬂ“‘u"fa)

vty = Qg 40, - paly - Ty - Taaly - Tads
- Re [(Oy + Oyn) e Vi3] ESVELESE,

E,
+ E—': [Qxy sin Y2, + vxy cos Ya ]

E,
+b E:‘ sin (V24 - €4)

V3 + oy = Qs+ 03-p3lsy - 13ly - t3ly - Taula
- Re [(93134 + Osan) €V 113] E'E\ELE,

+

E,
E_': (Qxy sin Y34 + ¥y, coS ¥

E,
+b E: sin (Va1 - €)

Ve t b4 = Q4 + 04 - pala- Tarly - Taaly - Tas]s
- Re [(Da213 + Ou312) €V129) EJ'E, B, s

+

E
E_-: [Qxy sin Ya3 + vy €O Y43)

E.
+b, E: sin (Vaz - €2).

We list the notations used below:

E,

:N

P

Onmyn

Vgt Oy

WHM

¥isn

Qxy

= the nth mode electric field amplitude and is
slowly varying in time, compared to an op-
tical period

= the dimensionless intensity (PE,/#)*(v;' +
7' )2y

= the time derivative of £,

= the nth mode net linear gain

= the nth mode self-saturation coefficient

= the nth mode cross saturation coefficient
arising from the presence of mode m

= a general third-order cocfficient

=the nth mode frequency and ¢,(f) is a
slowly varying phase in the time scale of an

optical period
=(Vn - vm) 11 (¢n - Om)
=Vt ve
= i (y - lx) is the x-y Q anisotropy co-

efficient
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Fig. 24. Yntema diagram for a single isotope. A mode with frequency
¥ and anticlockwise direction interacts with the velocity group at 4
on the abscissa. For clockwise direction, it interacts with the group
atC.

I Ex and I, E, = the losses of the x and y polarized waves per
roundtrip
¢ = the velocity of light
L = the cavity length

Vyy =;—L(¢,- ®,) is the x-y phase anisotropy

coefficient
¢x and ¢, =the phase shifts added onto the s and p
waves per roundtrip

c
b, = L 7, is the backscattering coefficient

7y E,, = the increment in the amplitude of the back-
scattered wave per roundtrip (the nth mode
is backscattered)
€, =the phase shift given to the backscattered
part of the wave
2, =the nth mode passive cavity frequency (in-
cludes rotation effects)
0, = the nth mode frequency pulling term
pn =the nth mode self frequency pushing co-
efficient
Tam =the nth mode pushing coefficient arising
from the presence of mode m.

ArpPENDIX 11
YNTEMA DIAGRAM AND HOLE BURNING

As one can gather by now, due to mode coupling the ZLAG
problem has become quite complicated. An analysis of mode
competition may be simplified by using the concept of hole-
burning. One is then required to translate between mode
frequencies and atomic axial velocities. With multimode opes-
ation and the presence of several isotopes, this is not straight-
forward. To facilitate the translation, we use the Yntema
diagram.

The Yntema diagram for the case of single isotope and zero
detuning is shown in Fig. 24. The abscissa represents the
atomic axial velocity with positive values taken anticlockwise.
A Gaussian curve of the unsaturated population inversion is
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Fig. 25. Yntema diagram for two isotopes. This diagram allows de-
termination of which isotope’s velocity group is involved given any
mode frequency. Note that there are essentially two Yntema dia-
grams. Thus, care must be taken to use the population versus ve-
locity curve agreeing with the “reflection” line used.

plotted on the abscissa. The ordinate on the right represents
optical mode frequencies and has the unsaturated gain plotted
on it. With no detuning, a stationary atom (v = 0) interacts
with the natural atomic frequency w. Hence, to translate be-
tween w and v=0 we draw a horizontal line from. w that
intersects a vertical line drawn from v = 0 at point 1. Consider
an anticlockwise wave with a frequency »' > w. To interact
resonantly with this wave, the atom’s motion must downshift
v’ to w in the atomic rest frame. Thus, for this case, the atom
must have a velocity in the anticlockwise (v > 0) direction. A
vertical line is drawn from this velocity so as to intersect a
horizontal line drawn from »' at point 2. A line labeled 4 is
then drawn through points 1 and 2. Now the velocity group
that interacts with any anticlockwise wave can be obtained by
drawing a vertical line from the point of intersection between
line A and the horizontal line from the mode frequency. Fora
clockwise wave, a similar analysis gives the line labeled C.
Line C is used for clockwise waves in the same way that A is
used for anticlockwise waves.

The Yntema diagram may be extended to the case of several
isotopes. Consider the case of two isotopes such as Ne?® and
Ne®. Basically, a second diagram is superimposed upon the
first (see Fig. 25). The gain curves for each isotope are dis-
placed in frequency space. Thus, each isotope has a separate
set of “reflection” lines A and C. Keeping the two population
inversions separate allows easy determination of which iso-
tope’s holes are involved. Such a multiisotope diagram may
be extended to any number of isotopes or Zeeman splitting
schemes by the addition of more curves.

Fig. 25 illustrates a couple of important facts about a dual-
isotope scalar ring laser tuned midway between isotropic line
centers (¥ =(wi; + wy)/2]. First, note that because v is very
detuned from either line center, the counterrunning waves
interact with essentially different velocity groups, and hence
are weakly coupled. Second, the dispersion contributions for
the two isotopes have opposite signs and nearly cancel each
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Fig. 26. Dlustration of hole attraction. The average frequency vy > w
is repelled from w in frequency space. This translation corresponds
to hole attraction in velocity space.

other.

At this point it is possible to obtain a counter example to
the well known statement that “two holes always to tend to
repel each other.” This case is important in the interpretation
of the gyro beat frequency equations. Consider a scalar-field
two-mode ring laser with a medium described by the Doppler
limit. The corresponding frequency-determining equation is

VA+OA=Qu% 04~ paEY - Tac EL
where the cross-pushing coefficient is given by [18]

tac=Ba [(w- )] L(w- ). (10)
B4 is the self-saturation coefficient for the anticlockwise wave
and » =(v4 +vc)/2. Notice that it is the mean frequency v
that is pushed away from line center. For modes on opposite
sides of the line center, the mode on the » side is pushed ard
the other mode is pulled. The net effect is a linear translation
of the two modes. Fig. 26 shows that this linear translation of
v gives hole repulsion or attraction in velocity space depend:ng
on the sign of (w - »).

We conclude this section by making a few observations
about hole burning. First, a wave draws power from the atoms
with which it is resonant and tends to saturate the population
difference. Since the atoms have a finite homogeneous line-
width, the wave burns a hole into the population difference.
To a good approximation this is described by a Bennett hole,
which is Lorentzian in shape. This approximation neglects the
fact that two or more waves generate population pulsations
that modify the inversion described by the Bennett hole.

The second point is that it is important to realize that the
atomic gain is not directly proportional to the population dif-
ference (the number of inverted atoms per unit volume,
per unit velocity). This is because the atoms have a finite life-
time so that a wave actually samples atoms from several ve-
locity groups. Thus, the gain is given by the convolution or ti:e
homogeneous lineshape with the population difference [37].
[49], [48]. For the unsaturated case and 2 Gaussian in-
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homogeneous distribution, this convolution is the plasma dis-
persion function Z(»). Its imaginary part determines the gain
and resembles a Gaussian with Lorentzian wings. [In the limit
that the linewidth of the atoms goes to a delta function, this
function returns to a Gaussian. The saturated population dif-
ference, in turn, gives a gain that is equal to the convolution
of the homogeneous lineshape with the saturated population
difference. As such, it is important to remember that a hole
in the population versus velocity curve does not transform to
an equivalent hole in the gain curve merely by reflection from
the 4 and C lines in the Yntema diagram. In particular, the
gain for a single saturating wave has no holes versus frequency.
The gain for a nonsaturating wave that probes the medium in
the vicinity of a saturating wave has a Lorentzian hole, but
with width 2(y+7'), where 27 is the natural linewidth and
2y' is the power-broadened vatue [48]. This is because the
convolution of two Lorentzians is a Lorentzian with the sum
of the widths.
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APPENDIX D

A PROPOSED OPTICAL TEST OF PREFERRED FRAME COSMOLOGIES *
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We propose a new experiment employing an earthbound ring laser interferometer to search for evidence of a preferred
frame in the Universe. It would yield a measurement of or a tight new constraint on the value of the PPN parameter a;.

An important class of experiments testing the
foundations of gravitation theory search for evidence
of a preferred reference frame in the Universe (1,2].
In this letter we propose a new optical test [3] of
metric gravitation theories that would be sensitive to
the presence of a preferred frame. The experiment
would employ a ring laser interferometer in an earth-
bound laboratory. We show that in the context of the
PPN formalism, {1;4, ch.39] which was developed to
provide a means for studying general metric theories
of gravity in the weak-field, slow-motion setting of
the solar system, a ring laser device is sensitive to the
value of the preferred-frame parameter &, the weak-
est point in the present empirical knowledge of post-
newtonian gravitation. We know only that |a;| < 0.02,
while general relativity predicts oy = 0. Experimental
considerations suggest that a ring interferometer ex-
periment to measure or to place tight new limits on
the value of «; is practicable. Here, we will discuss the
detectability of the possible preferred-frame signal
only briefly. The reader is referred to a longer paper,
in preparation, for a deeper analysis [5].

In the next few paragraphs we analyze and discuss
the generalized Sagnac effect in a form appropriate to

* This work is supported in part by the Air Force Office of
Scientific Research (AFSC), United States Air Force, the
Army Research Office, United States Army and the National
Science Foundation under grant PHY78-05368.

! Permanent address: Department of Physics, University of
Utah, Salt Lake City, UT 84112, USA.
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the present problem. It shows that the beat note
between the counter-running wave [6] in a ring laser
(7] is affected not only by the rotation of the earth
and by nonreciprocal elements. but also by off-diagonal
gravitational contributions to the line element in the
interferometer’s frame. To this end we summarize the
calculations of the optical beat note that would be ob-
served in a ring laser situated in the earth’s gravitation-
al field.

The covariant form of Maxwell’s equations for the
vector potential 4 (x*) is

3,IvV-gg"°g"°(0,4, ~3,4,)1 =0, g=detg,,.
1)

To determine the frequency difference between the
two counter-propagating laser beams we write the
metric as g, = 1, + A,,,,, where 1, is that of flat
spacetime and h,, a small correction due to the earth’s
gravitational field and the rotation of the ring. We can
always construct coordinates with respect to which
h,, = 0 at the center of the ring laser. In these coor-
dinates, ,,,, will be small throughout the region con-
taining the interferometer. The smallness of the laser
wavelength relative to the scale on which the gravita-
tional field varies, the size of the ring. and the laser
beam width implies that the high frequency limit [8]
of the Maxwell equations suffices to determine 4, *'.
1 We have obtained corrections to our high-frequency anal-

ysis that arise due to finiteness of the smallest instrumental
scale, that of the laser beam width [9].
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Thus we write A, =, expi(S©@ + AS)], where oA,
is a slowly varying amplitude function and SO + AS

a rapidly varying phase. The function $'@) is the phase
for the case h,, = 0. Solving for AS to first order in
h,,,. we obtain for the frequency difference between
the counter-running waves:

_2 a2 . 3
Aw-v‘f(VXh) da~35 (VXD 2, ()

where (h); = hg;. While X is the reduced wavelength,

A and P are the area and perimeter of the planar sur-
face bounded by the ray path of the interferometer;

2 s a unit vector normal to the plane of the device,
i.e., that points in the direction of its axis. The surface
3 is one bounded by the ray path and the curl is eval-
uated at the center of the interferometer. When the
ring spins on its axis with angular rate §2 in the absence
of gravity, the result (2) becomes Aw = 4AQ/XP,
which gives the usual Sagnac effect.

We now turn to the PPN formalism to determine
the value of (2) in the presence of gravity. We con-
struct an explicit transformation from the PPN coor-
dinate system centered on the earth (and rotationally
tied to the fixed stars) to a system in which the inter-
ferometer is at rest and in which the metrichas h,
=8y~ My = 0 at the center of the ring. The expres-
sion for h,,, in these coordinates is then used to eval-
uate (2). We obtain

VXh=2[,+i0;wX VU- (y+1)vXVU
-3074,+8,) AX Y], (3)

where the derivatives of U and ¥, potentials in the
PPN coordinates *? determined by the density and
velocity distribution of matter in the earth, are to be
evaluated at the interferometer’s center; v is the
laboratory velocity through the PPN coordinates due
to the earth rotation £y ; and w is the velocity of the
earth relative to fixed stars, i.e., relative to the frame
in which the cosmic microwave bac<ground appears
isotropic. For the present discussion, it is sufficient
to treat the earth as a uniform, rigidly rotating sphere.
Egs. (2) and (3) imply that an interferometer at lati-
tude / spinning about its axis in the lab, Z = (cos 6,
cos 0, cos ), at rate S will exhibit a frequency

2 These potentials are defined in, for example, refs. [1] and
[4, ch. 39].
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difference

Aw = (44/KP) {4 + Q, cos 0,
+ %al(rs/r.f)lwl [(A(¢g) sin I - C cos 1) cos 6,
—B(t)(sin I cos 8, + cosl cos 0,)] + e}, “)

where r, and r,, are the earth’s Schwarzschild and
actual radii; 2 and 2, are rates of rotation measured
by clocks in the laser laboratory, and e stands for a
remainder of smaller terms due to such effects as the
geodetic and Lense- Thirring rotations [4, §40.7].
The direction § coincides with the earth’s axis, & is
directed along the velocity associated with the earth’s
rotation, i.e., “east”, and q= ( X E. According to
measurements of the dipolar anisotropy of the cosmic
microwave background by Smoot et al. [10,11],

Iwl= (390 ¥ 60) km/s ,
A(t)=cos b cosa

C=sind, &6=6"%+10°,
a=Qe[t, —(11+0.6)h],

B(t)=cosdsina,

where ¢ is the sidereal time.

Let us now turn to a brief discussion of the detect-
ability of the «; -dependent preferred-frame signal de-
scribed by eq. (4). For optimized latitude and orienta-
tion of the interferometer ring, the amplitude of this
periodic rotation rate signal is 1.2 X 10~ 7 a, Q. The
most promising experimental approach to its detection
employs a passive device with a laser located outside a
ring interferometer. This method avoids the “locking”
problem associated with active systems in which the
lasing medium is situated inside the ring resonator. It
also allows larger rings in practice because complicated
multi-mode laser oscillation is no longer a problem.
Very encouraging estimates of the sensitivity of these
passive devices have been offered. For example, the
following quote from the recent paper of Ezekiel et al.
[12]: “With a 10 X 10 m2 cavity and a 4 W stabilized
argon laser it should be possible to reach a sensitivity
of 10710 of earth rate in an integration time of 10005
This sensitivity is estimated by invoking the photon
shot noise limit of heterodyne detection. Special notice
should be taken of the time required to make a mea-
surement. It is so short that full advantage can be
taken of the preferred-frame signal’s sidereal periodic-
ity. Phase-sensitive analysis of the interferometer out-
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put will facilitate the separation of this signal from
other effects contributing to Aw. A detailed analysis
of instrumental, seismic, and other potential noise
contributions will be presented in a later paper [5].

It should be remarked that motivation to undertake
the development of a ring interferometer system of
the type described above does not come only from
gravitation physics. Indeed, the consideration of such
systems has previously been motivated by potential
geophysical applications (e.g., measurements of earth
wobble, of rotational seismic motions, etc.) and by
the need for high precision test equipment for turn-
tables and gyroscopes. The opportunity to perform a
significant gravitational experiment does, however,
make an interesting and important addition to such
applications.

In summary, the experiment we describe would
employ a high precision ring laser interferometer
(10-10 Q_ sensitivity) with good time resolution
(103 s to make a measurement) to search for a side-
real periodic effect due to a possible preferred frame

in the Universe. A device with the above characteristics

would be able to set a limit |a;| < 103, more than
an order of magnitude improvement on the present
limit.
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